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Yonghui Sun’ Gang Feng

Department of Manufacturing Engineering and Engineering Management,
City University of Hong Kong, Hong Kong, China

Abstract This paper studies the stochastic stability of genetic regulatory networks with intrinsic
and extrinsic noises. A delay dependent stability condition with disturbance attenuation is derived
for the stochastic genetic networks with time-varying delays. The developed criteria can be tested
efficiently by Matlab LMI Control Toolbox. A numerical example with simulations is given to
illustrate the effectiveness and validity of the derived theoretical results.
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1 Introduction

In the past decades, genetic regulatory networks have attracted considerable attention
from researchers in various fields [1]-[2]. Basically, there are two types of gene network
models, the Boolean model [1], where the activity of each gene has two states, and the
differential equation model [3], where the variables describe the concentrations of gene
products, such as mRNAs and proteins.

On the other hand, time delays are inevitable due to the transcription, translation, dif-
fusion, and translocation processes of genes [5]. Hence, time delays should be taken into
account. In [6], the authors presented a functional differential equation model for genetic
networks with time delays. In [8], some stability conditions in the form of LMIs were
derived for the genetic networks with time-varying delays. In [9], the authors studied the
robust stability of genetic networks with time-varying delays.

It is worth noting that molecular events in cells are subject to significant thermal fluc-
tuations and noisy process, thus gene expression is best viewed as a stochastic process
[4]. In [7], the authors investigated cooperative behaviors in a general coupled noisy sys-
tem with time delays. In [8], the authors studied the mean square stability for the gene
networks with time-varying delays. In [10], the authors studied the stochastic stability
with disturbance attenuation for stochastic gene networks.

To the authors’ knowledge, when intrinsic and extrinsic noises appear simultaneously
in stochastic gene networks, the problem of delay dependent stochastic stability of ge-
netic regulatory networks with disturbance attenuation have not been fully investigated.
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Therefore, we will investigate stochastic stability of genetic networks with intrinsic and
extrinsic noises, discuss how to find the optimal attenuation level of extrinsic noises for
genetic networks.

The rest of this paper is organized as follows. In Section II, the stochastic gene net-
works model with extrinsic noises is introduced. In Section III, a delay dependent stability
condition is derived. In Section IV, a numerical example is employed to illustrate effec-
tiveness of the obtained results. At last, this paper is completed with a conclusion.

2 Genetic network model and preliminaries

In this study, we consider a stochastic genetic regulatory networks with intrinsic and
extrinsic noises as follows [7]:

dm(t) = [-Am(t)+Bf(p(t —o(1))) + Ev(r) + Lldt
+H (m(1), p(t),m(t — 1(2)), p(t — 0(1)))d (1), (D
dp(t) = [=Cp(t)+Dm(t —(1))]dr,

where m(t), p(t) € R" are the concentrations of mRNA and protein, respectively. A =
diag(a17a27 e 7an)7C = diag(cl 3C2y 7CVl>7D = diag(d17d27 e adVl) andL = [117127 e 7ln]Ta
where A and C are the degradation rates of mRNA and protein, D is the translation rate.
7(t) and o(¢) are time-varying delays satisfying 0 < 7(¢) < 7 and 0 < 6(¢) < 0O, re-
(&)
spectively. The Hill functions f;(x) = 1+(’x ik o; is a positive constant, H; is the Hill
o
coefficient; [; = ¥ ;c;, Bij and I; is the set of all j node which are repressors of gene i.
B = (b;j) € R"™" is defined as follows:

Bij if transcription factor j is an activator of gene i,
bij = 0 if there is no link from node j to i,
— B;jif transcription factor j is an repressor of gene i.

Furthermore, @(¢) is an one-dimensional Brownian motion and v(¢) is the extrinsic noise
belonging to L,[0, o).
Assume that vectors m* and p* are the equilibrium pomt of (1) with v(¢) = 0, shifting

to the origin by letting x(¢) = m(t) —m*,y(¢t) = p(¢t) — p*, one has
dx(t) = [-Ax(1)+Bg(y(r —0(1))) + Ev(t)]dt
+H (x(1),y(t),x(t = 7(2)),y(t — 0(1)))d (), )
dy(t) = [-Cy(t)+Dx(t—(r))]dt,

with H(m", p*,m*, p*) = 0, where g(y(r)) is defined as g(y(t)) = f(y(t) +p*) = f(p"). it
satisfies the sector condition g(x)(g(x) —kx) <O0.

Assumption 1: Noise intensity H(x(z),y(¢),x(t — t(t)),y(t — o(¢))) in (2) satisfies the
following conditions:

&~

trace[H " (x1,x2,x3,%4)H (x1,%2,%3,x4)] < ¥ x Nix, 3)

i=1

where N;,i = 1,2,3,4 are the known matrices.
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3 Main results

Theorem: Given a scalar Y > 0, genetic networks (2) is stochastically stable with dis-
turbance attenuation 7, if there exist scalars p; > 0,2 > 0 matrices P > 0,P, > 0,R >
0,0>0,5>0,A>0,F and M such that the following LMIs hold

m o F' o0 PB PE —tATR 0 0 0 0
« I, PD MT' 0 0 0 0 0 —oC'Q 0
* * I3 0 0 0 0 F TF oD"Q 0
* * * I kA 0 0 0 0 0 oMQ
* * * x  —A—AT 0 tBTR 0 0 0 0
Q=] « * * * * -y 1 tE'R 0 0 0 0 <0, (4)
* * * * * * —1TR 0 0 0 0
* * * * * * * -S 0 0 0
* * * * * * * * —1TR 0 0
* * * * * * * * * —OR 0
* * * * * * * * * * —0Q |
P < pil, (5)
S < pal, (©6)

where IT; = —P{A — ATP| 4 piN| +1poNy +1, Tl = —P,C — C Py + pi Ny + TtpaN> + 1,
I3 = —FT—F + piN3 + tpoN3, Iy = —MT — M + pi N4+ Tp2Ns.

Proof: Firstly, we show the stochastic stability of gene network (2) with v(¢) = 0. Con-
sider the following Lyapunov-Krasovskii functional

V(x(0).5(0)) = VA (1.3(0).5(0)) + V(e (0).3(0) +Va(a.(0).5(0) 4 Valo.5(0).5(0). ()
where

M(x@)y(0) = X OP(0) @R,

vlex00) = [ [ T ORis)asde,

[ [ Aensase

0 ,t
/ H (s)SH (s)dsd®,
—1Jt+6

V3(t3x(t)7y(t))

Vi, x(1),¥(t))

with £i(1), /2(1) and Hy (1) defined by fi(1) = —Ax(t) + Bg(y(t — o(1))). fa(r) = ~Cy(1) +
Dx(t —1(r)) and Hy (1) = H(x(t), (1) x(t — (1)), (t — (1)),

Then by the Ito-differential rule [11] and the condition (5), one has
LV < 2| - xT(t)Ple(t) erT(t)PlBg(y(t —o(1)))— yT(t)PZCy(t)

Y (O)PDx(t — (1)) | +p1 [xT ()N1x(r) + " (1) N2y (r)

+xT (¢ — (1)) N3x(t — (1)) +" (t — o () )Nay(t — 6 (1))]. 8)
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By introducing a free matrix F of appropriate dimensions, we have
ZLVy < t[=Ax(t) +Bg(y(t — o(1)))]"R- [~Ax(t) + Bg(y(t — o (1)))]

— /,tf(z)flT(s)Rfl (s)ds+2x"(t — ©(r))F - {x(t) —x(t—t(t))

- iw) fils)ds— | im) Hy (s)dw(s>]

1[~Ax(1) + Bg(y(t — o(1)))]"R- [~Ax(1) + Bg(y(t — o (1)))]
+2x(t —©(2))Fx(t) — 2xT(t — ©(t))Fx(t — (t))
+oxl (t—t(t))FR T Fx(t — t(t) +x"(t — (1)) FS ' FTx(t — (1))

+ ( /, ;m H, (s)d(:)(s)) Ts( /, im) H, (s)dw(s)) . ©)

Similarly, after introducing a free matrix M, one further has

IN

ZVs < o[=Cy(t) + Dx(t = 7(t))]" Q- [=Cy(r) + Dx(t — 7(r))] +2y" (1 — o (1)) My(r)
=Nt = o()My(t —o(1)) +0y" (1= o(1)MQ™'M y(t —o(r)).  (10)

Moreover, from Assumption 1 and the condition (6), it is easy to derive
A 7 [xT(t)le(t) +yT ()N (t) +x" (£ — T())N3x(t — (1))
#a-oMt—o)| - [ #iesmeas  an
By combining Eqgs. (8)-(11), one can get

v < éT(z){fﬁr@RfﬁfgSlf“3+rf“§R1f3+cf4TQf4+of§Q1f5 E()

t T " "
_ T
+</t_m)H1da)(s)> S(/t_r(t)Hldw(S)) /f—r(t)Hl (s)SHy(s)ds, (12)

where & = [xT(1),y" (1), 47(t — 7(1))y (1= (1)), (v(t— (1)))] ", Ty = —PA—ATP, +
PINi +TpoN, Il = —=P,C—C"Py+ pi N+ TpoNo, T3 = —FT — F + py N3+ 1o N3, [y =
I, o FT 0 P\B

x I, D MT 0
~MT—M+p Ns+1poNs, T = » + Iz 0 0 , 12 =[-A,0,0,0,B],
* ok x T kA

* * * * —A—AT
1&‘3 = [0707FT7070]a 1&‘4 = [0,—C,D,0,0], f‘s = [OaOaOaMTaO]'
By Schur complement [12], follows from (4) that

I = f] + ‘L'ngf‘z +f‘;r571f‘3 + ngRilf‘g} + GfIQf4 + Gf‘gQile <0. (13)
Then, by taking the mathematical expectation of both sides of (12), one has

E{LV (1.x(1),y(1))} < E{ET(NFE ()} <. (14)
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This implies that the gene networks (2) is stochastically asymptotically stable in the mean
square with v(¢) = 0.

Next, we will show the disturbance attenuation. Consider the same Lyapunov func-
tional (16) with v(¢) # 0.

For a given y > 0, we define

J(i) = 5{ /Ot {xT(s)x(s) +yT(s)y(s) — ysz(s)v(s)} ds}. (15)
It follows from (15) that
50264 [ [H 061576000 = AT+ 2V (x| as). a0
Hence,
S): = xT()x() +y =PV OV + LV (1.x(0),5(1))

< éT(t)l"é(t)—/tiw)HlT(s)SHl (s)ds

t T 1
+(/zr(t)H1dw(s)) S<./rr(z)H1dw(s)>7 (17)

where &(t) = [xT(),y" (1), (t — 2(1)), 3" (¢ — 6(1)),g" (y(t — (1)) v (1)] ", T =T +

TR, + T3S T3+ tTIR '3+ 0T QL4 + 6T1Q ™ 'T's, 11y = —PLA—ATP + p1N; +

TN+ 1,11, = 7P2C*CTP2 +p1N2+ TP No+1, 113 = 7FT*F+P1N3+T[)2N3, Iy =
Im o FT o P,B PE

x IL D M' 0 0
T _ * *x Il 0 0 0 _
M M + piNs + Tp2Ng, T = . . . I kA 0 , Ip =
* ok * x  —A—AT 0
* ok * * * —yI
[~A,0,0,0,B,E], T3 =[0,0,FT,0,0,0], 4 = [0,—C,D,0,0,0], ['s = [0,0,0,M",0,0].
Applying the Schur Complement [12], one obtains
t
é"{/ gT(s)rg(s)ds} <0, (18)
0

which implies that the condition (4) is satisfied. This completes the proof.
In fact, the optimal attenuation level ¥* can be obtained by solving the following
constrained optimization problem:
o = min § with § =7
P1,p2,P1,P2,R,0,S, A\ F,M
subjectto p; > 0,00 >0,P; >0,P, >0,R> 0,

0>0,5>0,A>0,F,M and (4)—(6), (19)

then the optimal performance level y* = (&)'/2.

Remark 1: In [10], the authors investigated stochastic stability of gene networks with
disturbance attenuation, where time delays 7(¢) and o(¢) are required to be differentiable
and satisfy 7(¢) < 1 and 6(¢) < 1. However, the result here has removed these restrictions
and it is thus expected that our results are less conservative than the results in [10].
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4 TIllustrative example

Example: Consider a gene network model [13], which comprises three repressor genes
(i=lacl,tetR and cl) and their promoters (j = cl,lacl and tetR):

dx;  _ .
{ @ = iyt o, 0)
G= Blu—y)
where A = diag(1,1,1), C = diag(0.5,0.5,0.5), D = diag(0.5,0.5,0.5) and the coupling
0 0 1
matrix B=04x | 1 0 0 |, with 0.4 being the coupling intensity. Time delays are
010

set as 7(t) = 0.4+ 0.3|cos()|, o(¢t) = 0.4|sin(z)|, which are both not differentiable at
some points, it is easy to check that T =0.7 and o0 = 0.4.
Without loss of generality, the noise intensity is set as

H(x(1),y(),x(t = 7(2)),y(t = 0(1))) = Qax(r — 7(2)) + Qay(7), @n
02 01 O 0.1 0 0

where Q; = 0 —-01 0 |,Q= 0 02 —0.1 |.Itis easy to verify that
0 0 02 0.1 0 0.1

Ny =0,N;, = ZQng, N3 = 2(2;93 and N4 = 0. Let extrinsic noises v(¢) be the Brownian
Motion with the covariance 0.04 and E = diag(1,1,1).

By using the LMI control toolbox, we can get feasible solutions with the optimal at-
tenuation level ¥ = 0.2617. Thus, it can be concluded that the system is stochastically
stable with the disturbance attenuation level y = 0.2617.

Given initial conditions x(0) = [0.8,1.2,0.4]T and y(0) = [0.3,0.1,0.6] of the net-
works (20), the simulation results are presented as Fig 1 (a) and (b).

MRNA concentrations Protein concentrations

Times(sec) Times(sec)

Fig. 1(a) mRNA concentrations x;. Fig. 1(b) Protein concentrations y;.

Remark 2: It is noted that time delays 7(¢) and o(¢) in this example are not differen-
tiable, which do not satisfy the conditions required in [10], so the results in [10] fail to be
used to study this example. Furthermore, in order to make fare comparison with results
obtained in [10], we also consider the same time delays as in [10], that is, both of them
are differentiable. In this case, after applying the constrained optimization algorithm pro-
posed in this paper, one can get the optimal attenuation level y* = 0.1522, which is much
smaller than the level y = 4.5 given in [10].
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5 Conclusions

In this paper, we have studied the stochastic stability of genetic regulatory networks
with extrinsic noises. Based on the Lyapunov stability theory, a delay dependent stochas-
tic stability condition is derived for the genetic networks with intrinsic and extrinsic
noises. The derived results do not require the differentiability of the time-varying delays.
A numerical example is presented to illustrate the effectiveness of the obtained results.
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