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Abstract In mammals, the suprachiasmatic nucleus (SCN) of the hypothalamus is considered
as the master circadian pacemaker. In this paper, we analyze the special structure of SCN from
mathematical viewpoint in an analytical way. We show how the special structure of the SCN is
exploited in synchronization in an analytical way, i.e., why the ventrolateral (VL) part has fewer
but compactly connected neurons, while dorsomedial (DM) part has more but sparsely connected
neurons.
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1 Introduction

Circadian rhythms are observed in the physiology and behavior of mammals and other
higher organisms. In mammals, the circadian rhythms are controlled by a pacemaker lo-
cated in the suprachiasmatic nucleus (SCN) of the hypothalamus [1, 2]. The SCN is
composed of 20000 neurons arranged in a symmetric bilateral structure, including astro-
cytes and multiple neuropeptidergic classes of neurons. It has been shown that isolated
single neurons are able to produce circadian oscillations, with periods ranging from 20
to 28 hours [3, 4]. The free-running periods of isolated neurons indicate that a cou-
pling mechanism is operating among the neurons. The key is that the circadian oscillator
must maintain synchrony with environmental cycles to drive behavioral, physiological
and metabolic outputs at the appropriate time of day.

There are many outside factors that affect the entrainment of circadian rhythms, such
as daily environmental cycles of light, temperature, food, social interactions and so on.
Light is generally considered to be the strongest and most pervasive factor. In nature
conditions, the circadian clock is subject to alternation of days and nights and in response
to this cycling environment, phase-locks to the LD cycle, enabling the body to follow a
24-h rhythm. What’s more, there are also intrinsic factors that affect the entrainment of
circadian rhythms, such as the coupling among neurons, the special structure of SCN and
SO on.

It is well known that the SCN is anatomically organized into a dorsomedial (DM)
“shell" and a ventrolateral (VL) “core" [5] according to the neuropeptides expressed by
the cells in these areas. The DM shell of the SCN can be defined by cells containing argin-
invasopressin polypeptides (AVP), while the VL core of the SCN can be defined by cells
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containing vasoactive intestinal polypeptide (VIP), substance P, and gastrin-releasing pep-
tide [2, 6]. Most SCN inputs (from the retina, raphe, and intergeniculate leaflet) are seg-
regated to the ventral part of the nucleus. Only a subset of SCN cells is directly retinore-
cipient [7, 8]; photoresponsiveness is observed in about 20% to 33% of SCN cells in the
ventral part of the nucleus [9, 10, 11]. VIP is an intrinsic SCN factor implicated in acute
activation and electrical synchronization of SCN neurons [12, 13] and coordination of
behavioral rhythms [14]. AVP neurons occupy a large part of the SCN to produce an in-
tegrated output. AVP is synthesized and secreted by the SCN in a circadian pattern. AVP
has an important excitatory role by activating V1a receptors [15] to increase the ampli-
tude of firing rates in the SCN during subjective day [16, 17]. That is to say, the cells
in VL core of the SCN receive photic signals from the retina and then relay them to the
nonretinorecipient cells in DM shell. Ref. [18] and [19] gave the process of the circadian
rhythm’s generation which include three courses, i.e., information afferent inputs, oscilla-
tion, and information efferent outputs. The signal of LD cycle from outside firstly reaches
the VIP neurons in the VL part. Then the neurons in the VL part are synchronized with
the same period as that of the LD cycle owing to their compact couplings and the effect
of the LD cycle. At last, VIP neurons transform the synchronous information to the AVP
neurons in the DM part.

Based on the special structure of SCN, many studies have been carried out[20, 21,
22, 23]. But there are not any analysis about the special structure of SCN which are
subdivided into two parts. That is to say why the VL part has fewer neurons which are
compactly arranged and the DM part has more neurons which are sparsely arranged. In
this paper, we mainly analyze the SCN’s structure from mathematical viewpoint. One ma-
jor effect for coupling of the neurons in the VL part is to increase their synchronizability.
On the other hand, comparing with the number of DM parts, the number of the neurons
in the VL part is generally small, which guarantees that the overall biological network is
still kept to be sparse.

2 Analysis for the special structure of SCN

From last section, we know that the VL part has fewer neurons which are compactly
connected, while the DM part has more neurons which are sparsely connected. Now we
give the theoretical explanation from mathematical viewpoint.

For the DM part, Yamaguchi and his co-workers [25] showed that the DM cells are not
synchronized when this area is disconnected from the rest of the SCN. This observation
suggests that ventrolateral (VL) cells synchronize the oscillations and that the internal
coupling between DM cells may be negligible. It also explains why the neurons in the
DM part are connected sparsely.

For the VL part, we will explain why the neurons are arranged compactly from math-
ematical viewpoint. Neurons and their contacts form a network. The numbers of their
contacts can be regarded as the number of links in the network. We mainly prove that the
more edges a network with oscillators has, the more easily it achieves synchronization.
That is to say adding links to a network can generally improve the ability to synchro-
nization, which explains from theoretical viewpoint why the neurons in the VL part are
compactly connected.

Without loss of generality, consider the following general network with identical os-
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cillators,
N

X =f(xi)+c) aijxj, i=12,...N, (D)
i=1

where the coupling matrix A = (a;;) € RV*N represents the coupling configuration of the
entire network. Assume that A is a symmetric and irreducible matrix, which means that
the network is connected in the sense of having no isolated clusters. Then zero is the
largest eigenvalue of matrix A with multiplicity 1, and all other eigenvalues 0 > 4, >
.-+ > Ay are strictly negative. The coupled network (1) is said to achieve (asymptotical)
synchronization if the synchronization manifold S of Eq.(1) satisfies

S ={(x1(t),x2(0),....an ()21 (1) = x2(r) = -+ = xw (1) = 5(1)}, )

where s(¢) can be an equilibrium point, a periodic orbit or even a chaotic attractor, satis-
fying $(¢) = f(s(7)). Then one obtained the conclusion as follows.

Lemma 1. [26] Consider the network (1) with identical nodes. If

hmax

2|’

where g > 0 is the maximum Lyapunov exponent of the individual system s(z) =
f(s(2)), then the synchronization manifold is exponentially stable.

From the above result, one knows that |A;| describes the synchronizability of the net-
work (1). Particularly, the increase of |A;| can reduce the requirement of the coupling
strength for synchronization i.e., increase the synchronizability of network (1). In the
following, we prove that the more edges a network with oscillators has, the more eas-
ily it achieves synchronization. Specially, we study the variation of synchronizability
of network (1) if some edges are added. We define another symmetric diffusion matrix
A = (a;;) € RV*N, denoting the edges added to the network, where @; # 0 implies that
one edge weighted a;; is added to network (1) between the ith node and the jth node. The
coupling matrix of the new network can be written as A +A. From the Lemma 2, one
knows that A,(A) > A,(A +A). Considering all the eigenvalues of A is non-positive, one
obtains [A2(A)| < |A2(A+A)|, which implies that the synchronizability of network (1) is
improved after some edges are added to it.

Lemma 2. [27]Suppose that A, and B are Hermitian matrices with eigenvalues
M(A) S b (A) < < M(A),

21 (B) < A2(B) < -+ < Au(B).
Then the eigenvalues of matrix A+ B, A{(A+B) <A (A+B) < --- < A,(A+ B), satisfy

Ai(A) + A1 (B) Ai(A) + 2 (B)
Ai_1(A)+ A2 (B) < MALB) < Ais1(A)+ A1 (B)

21(A) + 2(B) J(A) + Ai(B)
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On one hand, a biological network is generally sparse with scale-free property. For
a biological network with N nodes, generally the number of the links is about O(N). In
the special network of the SCN composed by the oscillators in the VL and the DM parts,
the number of nodes is Ni + N,, where N; and N, are numbers of neurons in VL and
DM part respectively. Therefore, the edges of the whole network is expected to be about
O(N} +N3). On the other hand, in the subnetwork of oscillators in the VL part, the number
of edges is about O(le) because of the global coupling, and the number of the DM part
is zero because of uncoupling among oscillators. That is to say O(N; +N,) ~ O(N?),
which requires N; < Ny, i.e., it means that there are fewer neurons in the VL part from
the theoretical analysis, which are also consistent with biological evidences.

Based on the functional and structural heterogeneity of the SCN cells and regions
mentioned above, we propose a scheme to describe the process of the circadian rhythm’s
generation in SCN as shown in Figure 1. In the VL part, the neurons are globally coupled
with each other and the information of daily LD cycle is introduced. In contrast, the
neurons are not coupled in the DM part, but receive the input from the VL neuronal
projections without feedback, consistent with dense anatomical projections from ventral
to dorsal SCN and sparse reciprocal projections [24].

The signal of LD cycle from outside firstly reaches the VIP neurons in the VL part.
The neurons in the VL part are synchronized with the same period of as that of the LD cy-
cle owing to their compact coupling and the effect of the LD cycle owing to their compact
couplings and the effect of the LD cycle. At last, VIP neurons transform the synchronous
information to the AVP neurons in the DM part to produce an integrated output.

VL part DM part

the Light-Dark Cycle

Figure 1: Scheme of the process of the circadian rhythm’s generation in SCN

3 Conclusion and discussion

Circadian thythm mediated by SCN is an important phenomenon in mammals, and
many theoretical and experimental works have been carried out to understand its mech-
anism. The special structure of SCN is one of the important factors affecting circadian
rhythm of mammals. In this paper, we analyze the heterogeneous structure of SCN from
mathematical viewpoint. From the theoretical analysis in this article, we obtained the
following conclusions:

One major effect for coupling of the neurons in the VL part is to increase their syn-
chronizability. Accordingly, with the dense coupling, every neuron in the VL part is able
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to easily achieve circadian rhythm entrained by the 24h LD cycle. On the other hand,
comparing with the number of DM parts, the number of the neurons in the VL part is
generally small. As a result, the overall biological network is still kept to be sparse. In
particular, the results and analytical framework proposed here may provide insight to bet-
ter understand the SCN structure, and may also have implication for applications, such
as designing interventions to treat circadian disorder. Based on the special heterogeneous
structure of SCN, the analytical study of the synchronization mechanism of Circadian
Rhythms in the Suprachiasmatic Nucleus has been carried out in our another paper[28].
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