The 7th International Symposium on Operations Research and Its Applications (ISORA’08)
Lijiang, China, October 31-Novemver 3, 2008
Copyright © 2008 ORSC & APORC, pp. 311-316

A randomized distributed algorithm for total
scheduling problem”

Lan Xiaol- Guiying Yan! Wei Ren! Xu Li?

! Academy of Mathematics and Systems Science,
Chinese Academy of Sciences, Beijing, P.R. China, 100190
ZBeijing Jiaotong University, Beijing, P.R. China, 100044

Abstract In multihop radio network, total scheduling occurs when stations communicate one-to-
one and broadcast simultaneously. In this paper, we prove a global upper bound for total scheduling
by a simple construction method; A randomized distributed algorithm is also presented.
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1 Introduction

A radio network consists of processors (stations) that communicate among themselves
using radio transmission. Packet radio networks, cellular phone networks, and satellite
networks are such typical examples.

In a radio network, the stations share a common radio channel over which communi-
cation takes place. Owing to the multihop nature of most radio networks, spatial reuse
is possible in the sharing or assignment of channels. The channel assignment considered
here assigns transmission rights using time division multiplexing (TDM). In this method,
transmissions that will not collide may overlap in time, thereby obtaining channel reuse
in time.

So, it is necessary to construct a scheduling, a sequence of fixed-length time slots,
where each possible transmission is assigned a time slot in such a way that transmis-
sions assigned to the same time slot do not collide. We are interested in the problem of
minimizing the number of time slots in such a scheduling.

First, we consider what is meant by a collision. In particular, transmissions may col-
lide in two ways: primary and secondary interference. Primary interference occurs when
a station must perform more than one operation in a single time slot, such as receiving
from two different transmitters at the same time or transmitting and receiving at the same
time (see Fig.1). Secondary interference occurs when a transmission from a neighbor-
ing transmitter unwittingly interferes at the receiving end of a communication between a
transmitter and a receiver (see Fig.2).
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Fig.1 Primary interference Fig.2 Secondary interference

Under these two different types of interferences, many earlier works [1][8][6][7] dealt
with the construction of two different types of scheduling, link scheduling and broadcast
scheduling. In link scheduling, the transmission of a station is intended for only one
specific transceiver within its range and the scheduling needs to ensure that there are no
collisions. In broadcast scheduling, each transceiver is scheduled to ensure collision free
transmission of messages to all transceivers within its range.

In this paper, we considered a total scheduling proposed in [9], which occurs when
stations communicate one to one and broadcast simultaneously. The rest of this paper is
organized as follows. In section 2, a radio network is modeled as a directed graph and
the scheduling problems in radio network can be interpreted as coloring problems of the
corresponding directed graph. In section 3, a global upper bound for total scheduling is
given by a simple construction method; A randomized (Las-Vegas) distributed algorithm
is also given in section 4.

2 Preliminary

It is a natural way to represent a radio network by a directed graph G = (V,A). Here,
V is the vertices set denoting the stations in the radio network, A is the arcs set, where for
any two distinct vertices u,v € V, (u,v) € A if and only if v is in the transmission range of
u. Note that, because of the different transmission power, (u,v) € A does not necessarily
imply (v,u) € A.

In the context, the scheduling problems in radio network can be interpreted as color-
ing problems of the corresponding directed graph G = (V,A), where the colors assigned
correspond to time slots in the scheduling problem.

Link scheduling problem

Link scheduling corresponds to one of arc-coloring f : A — Z* such that any pair
of arcs (a,b), (c,d) may be colored the same, i.e. f(a,b) = f(c,d), if and only if the
following two conditions hold at the same time:

L1: a,b,c,d are mutually distinct, and

L2: (a,d) ¢ A and (c,b) ¢ A.

Broadcast scheduling problem

Broadcast scheduling corresponds to one of vertex coloring f : V — Z™ such that any
pair of vertices a, b may be colored the same, i.e. f(a) = f(b), if and only if the following
two conditions hold at the same time:

B1: (a,b) ¢ A and (b,a) ¢ A, and

B2: there is no vertex ¢ such that (b,c¢) € A and (a,c) € A.
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Total scheduling problem

Total scheduling occurs when stations communicate one to one and broadcast simul-
taneously. An interpretation of such scheduling is one of total coloring f: VUA — Z*
such that the following four conditions hold:

T1: If f(a,b) = f(c,d) for any pair of arcs (a,b) and (c,d), then conditions L1, L2
must hold simultaneously,

T2: If f(a) = f(b) for any pair of vertices a,b, then conditions B1, B2 must hold
simultaneously,

T3: If (a,b) € A, then f(a) # f(a,b), and f(b) # f(a,b).

T4: If f(a,b) = f(c) for any arc (a,b) and any vertex c(# a,b), then (c,a) ¢ A,
(c,b) ¢ A, and there does not exist any vertex d such that (a,d) € A and (¢,d) € A.

3 Global bound

For every directed graph G = (V,A), define the simple undirected inter ference graph
of G, I(G) = (Vi) Ei(c))» as follows: V) =V UA, there is an edge between any pair
of elements in V UA according to the following rules:

Rule I: For any pair of arcs (a,b) and (c,d), there is an edge between them in 1(G), if
at least one of the following two conditions hold:

(1) Ha,b}N{e,d}| > 1

(2) (a,d) € Aor (c,b) € A;

Rule II: For any pair of vertices a, b, there is an edge between them in I(G), if at least
one of the following two conditions hold:

(1) (a,b) €A, or (b,a) €A

(2) there exists an vertex ¢ such that (a,c) € A and (b,c) € A;

Rule III: For any arcs (a,b) and any vertex c, there is an edge between them in 1(G),
if at least one of the following conditions hold:

(I)c=aorc=hb;

(2) (c,a) € Aor (c,b) € A;

(3) there exists a vertex d such that (a,d) € A and (c,d) € A.

We assume that in the radio network each stations knows the identity of its neighbors
in the network, A;,, Aoy, as well as n, the number of stations in the network.

Lemma 3.1.
The maximum degree of I(G) is at most N2, Nip+ Dowr Din + Do + 2.
b)

Proof. For any vertice (a,

di(c)((a,b))

in I(G), by rule I, III, we have
< 2(Ain + A0141 - 1) +2(Ain - 1)(Aour - 1)
+ 2+(Ain_ 1)+Am+(ﬂm - ])(Aout - l)
= 30plour +LDin — Do +2
For any vertice a € I(G), by rule II, III,
dI(G) (a) < Aint+Dour + Dou (Ain - 1) + A%m + A01,4I(Ain - 1)(Aout - 1)
+ Aomf + Ain + Aom‘(Ain - 1)
= AinAz + Aout(Ain + 1) + 2Ain~

out
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So, the theorem is true. O

Lemma 3.2.
x(I(G)) time solts are necessary and sufficient for the total scheduling.

Proof. Let r = x(I(G)) and ¢ : V) — {1,---,r} be a proper r-coloring of I(G).
Construct the following scheduling S.

If an element in I(G), (x,y) or z is colored by ¢ with color i, 1 <i < r, then processor
x transmit the message designated to processor y at time slot i during the scheduling S; or
processor z broadcast at time slot i during the scheduling S.

Elements x and (x,y) are adjacent in I(G), so in each time slot, x do at most one job:
either broadcast, or transmit message to designated neighbor.

Since the arcs originating from the vertex x are adjacent in I(G), at each time slot, x
transmit message to at most one designated neighbors.

Since ¢ is a proper coloring on the vertex set of I(G), in the scheduling S, each
message will not be assigned two different time slots.

So the scheduling we obtain is well-defined.
It remains to prove that all of the transmission and broadcast succeed.

Assume that at time slot i of the scheduling S, processor x transmit message to y and
processor z broadcast. The rule I, II, III guarantee that at time slot i, transmission x to y
succeed and processor z broadcast successfully.

For the other direction, assume that S is an total scheduling of 7 rounds. Color the ver-
tex (x,y) or z of I(G) with color i, where i is the first time slot in S in which transmission
x to y succeeds or z broadcast successfully. The construction of I(G) and arguments as
before prove that this a proper coloring of 1(G). O

Theorem 3.3.

For every directed graph G, there is a (polynomial time constructible) total scheduling of

O(N2,, i) time-slots.

Proof. By lemma 3.1, 3.2 and Brook’s theorem (see [2]), there is a total scheduling of

O(A2,,\\;,) time slots, which can be constructed by greedy algorithm in polynomial time.
O

4 Distributed algorithm

First, we define a procedure. The following procedure with the same r value and an
appropriate out-neighbor y will be applied at every station x simultaneously.

Procedure Random Transmit-Broadcast((L,y, By), 1): In eachround i, 1 <i <7, sta-
tion x transmit message to its out-neighbor y with probability p; broadcast with probability
q; keep silent with probability 1 — p — g, where the parameters r, p, and g will be defined
in the following text.

Our randomized algorithm consists of A,,, phases. Let y1,-- -, y; be out-neighbors of
x in the network. In phase i, (1 <i < k), each x applies the procedure Random transmit-
broadcast ((Lyy;, Bx), 1).



A Randomized Distributed Algorithm for Total Scheduling Problem 315

For each directed edge (x,y), define A,, to be the event that the station y fails to receive
message from x during all r rounds in some phase.

For each vertex x, denote A, by the event that the station x fails to broadcast during all
r/\ gy rounds in all A, phases.

Letp=g= m, we have
Lemma 4.1.
For any arc (x,y) € A, Pr(Axy) < exp(— g5 5 —).

Proof. The probability that x transmit to y with indegree d;, successfully in some single
transmission step of the procedure is bounded below by

1 1 1 1,1 1

1_ _ din> l_ Ain>7 — ) Dour >7
p( P q) = ZAinAout ( AinAaul) - ZAinA()ul (29) - 46AinAaul
Therefore,
1 r
Pr(Ay) < (1= ———)" < exp(————).
( X}) - ( 4€AinAauz) o p( 4e Ain Aout)
O
Lemma 4.2.

For any vertex x € V, Pr(Ax) < exp(— z5-)-

Proof. The probability that x broadcast successfully in some single transmission step of
the procedure is bounded below by

1 1 1
1 _ p _ AinAoul 2 1 — AinAoul Z .
Q( q) 20D ous ( DinDour ) deNin D our
Therefore,
1 r
Pr(Ay) < (1 — —————)Pou < exp(— .
( ) - ( 46AinAout) a ( 46Ain)

O

Let r =4eNj, A pusln 2"%””‘ , for some safety parameter 0 < 7 < 1, by Lemma 4.1, 4.2,
we get

Lemma 4.3.
The randomized distributed algorithm succeeds in total scheduling with probability 1 — h,
where 0 < h < 1.

Proof. The failure of the randomized distributed algorithm means that at least one of the
bad events {Ayy,A,,xy € A,y € V} happened, so we have

Pr((U(x.,y)eAAxy) U(UrevAx)) < Z Pr(Axy) + ZPr(Ax)

(e &

< nguexp(— )+ x exp(— 1)
n - )+n -

a our &XP 4eNip D our “p delN,

h h

< A N Dour

= Nou 2”A0ut * n( ZHA()M; )

<
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O

Then we can derive the following theorem form above,

Theorem 4.4.

YO < h < 1, and 2 < max{DNjy,, Do } < n, the total scheduling has a randomized dis-
tributed algorithm requiring Oy A2, In%) time slots with success probability 1 —h on
any n-vertex directed graph G.

References

[1] N. Alon and A. Bar-noy, Single round simulation on radio networks, Journal of Algorithms,
13(2) (1992), 188-210.

[2] J. A. Bondy and U.S.R. Murty, Graph Theory with Applications, Macmillan Press, London,
1976.

[3] Gautam K. Das and Subhas C. Nandy, Weighted broadcast in linear radio networks, Informa-
tion Processing Letters, 106 (2008), 136-143.

[4] A. Ephremedis, J.E. Wieselthier, and D. J. Baker, A design concept for reliable mobile radio
networks with frequency hopping signalling, Pmc. IEEE, 75(1) (1987), 56-73.

[5] A.J.W.Hilton, T. Slivnik and D.S.G. Stirling, Aspects of edge list-colourings, Discrete math.,
231 (2001), 253-264.

[6] S.Ramanathan and E.L. Lloyd, Scheduling algorithms for multi-hop radio networks, in: SIG-
COM (ACM, 1992), 211-222.

[71 S. Ramanathan and E.L. Lloyd, Scheduling algorithms for multihop radio networks,
IEEE/ACM Trans. Networking, 1 (1993), 166-172.

[8] A.Senand M.L. Huson, A new model for scheduling paket radio networks, Wireless networks,
3(1997), 71-82.

[9] K. Watanabe, H. Tamura andd M.Sengoku, New scheduling problems in a multi-hop network
and their complexity results, The 47th IEEE International Midwest Symposium on Circuits
and Systems, 2 (2004), 25-28.

[10] K. Watanabe, M. Sengoku, H. Tamura, K. Nakano, and S. Shinoda, A scheduling problem in
a multihop network for CDMA system, Proc. of ITCCSCC 01, 2001.



