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Abstract We present an algorithmic solution for the stationary distribution of M/M/c/K retrial
queue which consists of an orbit with infinite capacity and a service facility that has ¢ exponential
servers and waiting space of size K — c¢. The behavior of queue length process in the retrial queue
is described by level dependent quasi-birth-and-death (LDQBD) process due to repeated attempts.

The algorithm is based on the generalized truncation method (GTM) proposed by Nuets and
Rao [9] which is use of the level independent QBD process except the first N levels as an approxi-
mation of the original LDQBD process and the truncation level N is enlarged until the satisfactory
solution is obtained. As the authors indicated, the method in Nuets and Rao [9] may not perform
very well when the system is highly congested. Main features of our algorithm are to develop a
very simple and effective method for deriving inverse of the matrices in the diagonal blocks and to
provide the stable and efficient ways for computing the rate matrices and the boundary probability
vectors. Our approach can overcome drawbacks of the algorithms in Nuets and Rao [9] and can
be applied not only to the system with very large number s of servers and very large size K — s of
waiting space but also to the highly congested system.

Keywords multi-server retrial queue; finite buffer; level dependent quasi-birth-and-death
(LDQBD) process; generalized truncation method; matrix geometric solutions

1 Introduction

We consider the M /M /c/K retrial queue which consists of an orbit with infi-
nite capacity and a service facility that has ¢ exponential servers and waiting space
of size K — c. Retrial queues are characterized by the following features. When an
arriving customer finds that all servers are busy and no waiting position is available,
the customer joins a virtual pool of blocked customers called orbit and repeats its
request after a random amount of time, called retrial time until the customer gets into
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the service facility. We assume that the access from orbit to the service facility is
governed by the exponential distribution whose rate may depend on the current num-
ber of customers in orbit. The behavior of queue length process in the retrial queue
is described by level dependent quasi-birth-and-death (LDQBD) process due to re-
peated attempts. For general treatment of the calculation of stationary distribution of
LDQBD process, see Bright and Taylor [4]. This spatial inhomogeneity often leads
the analytical complexity and approximations are used instead. For an approxima-
tion of the stationary distribution of the retrial queueing systems, many authors use
another calculable system with infinite state space, so-called generalized truncated
system that is a Markov chain with spatially homogeneous block-partitioned gener-
ator except the first N levels e.g., see [1, 2, 5, 9, 12] and the references therein. The
detailed overviews of the related references with retrial queues can be found in [3, 5].

In this paper we propose a numerical algorithm for computing the stationary
distribution. The algorithms are based on the generalized truncation method (GTM)
proposed by Nuets and Rao [9] which uses of the level independent QBD process
except first N levels as an approximation of the original LDQBD process and the
truncation level N is enlarged until the satisfactory solution is obtained. Shin [11]
shows that the stationary distribution of the generalized truncated system in many
retrial queues including M /M /c/K retrial queue converges to that of the original
system as the truncation level N becomes infinity. The GTM consists of the follow-
ing three steps. The first step is to modify the infinitesimal generator, say Q of the
original LDQBD process to Qy, the generator of the level independent QBD process
except first N levels. The second step is to find the stationary distribution y of Qy and
to increase N until the individual elements of y do not change significantly. Finally,
approximate the stationary distribution x of Q by y. For y corresponding to the level
of the homogeneous part of Qy, matrix geometric method in Neuts [8] are used and
the probabilities corresponding to the boundary levels are obtained by are obtained by
solving the system of linear equations. In Neuts and Rao [9], the successive substitu-
tion method in Neuts [8] is used for rate matrix and the block Gauss-Seidel scheme
is used for the boundary probabilities. Thus as the truncation level N increases, the
size of linear system for boundary probabilities becomes large. This situation can
occur when the system is highly congested. Furthermore as the size K of service
facility increases, the size of block matrix components of Qy also increases. Thus
the method in Neuts and Rao [9] may not perform very well under the conditions
of severe congestion when the traffic intensity is high and retrial rate is very small
as the authors indicated. To overcome drawbacks in Neuts and Rao [9], we develop
a simple and effective method for deriving the inverse of the matrices in diagonal
blocks and provide the stable and efficient ways for computing the rate matrices and
the boundary probability vectors. Our approach can be applied not only to the system
with very large size K of service facility but also to the highly congested system.

This paper is organized as follows. In section 2, the mathematical model is

described in detail. The algorithmic solutions are proposed in section 3. Section 4
deals with numerical results and concluding remarks are presented in section 5.
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2 Model description

Consider an M /M /c/K retrial queue which consists of infinite capacity of orbit
and the service facility with ¢ identical servers and K — ¢ waiting positions. Service
times of customers are independent of each other and have a common exponential
distribution with parameter (. Customers arrive according to a Poisson process with
rate A. The customer who finds that all servers are busy and no waiting position
is available upon its arrival joins orbit and tries to its luck again after a random
amount of time until the customer gets into the service facility. The access from
orbit to the service facility is governed by the exponential distribution with rate 7;
which may depend on the current number k, kK > 0 of customers in orbit. That is,
the probability of repeated attempt during the interval (z, t + At), given that k cus-
tomers in orbit at time ¢, is %Ar 4 o(At) with 3% = 0. We assume that the retrial
rates %, k > 0 satisfy % < %1 (% = 0) and lim;_... % = o0. Let Xy(¢) and X;(¢) be
the number of customers in orbit and in the service facility at time ¢, respectively
and X = {X(¢),r > 0} with X(r) = (Xo(¢),X:(r)). Then the stochastic process X is a
Markov chain on the state space . = {(i,j) : i=0,1,2,---,j=0,1,--- ,K}. Set-
ting k = {(k,0), (k,1),---,(k,K)}, k > 0, the generator of the Markov chain X is of

the form
0 1 2 3

0 /A9 A4
1Al AV 4

0= 2 A(zz) Aiz) Ao ’ (1)
3 AP Ay

where Ay, AE") and Ag") are square matrices of order K + 1 and and are given by

0 1
Ay = 0 ) Aén): n 0 h 7’7217
A T
and
_Ail,() A’
.u 1 )L
2‘u —Amz ),
A(ln) _ .. .. n > 07
su =Ny A
su —A,. A
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with A,y = A+ % +ku,n>0.

We assume that p = ﬁ < 1 which guarantees the existence of the stationary
distribution of X (see He et al. [6] and Shin [10]). Let x = (xo,x;,X2,---) with
X, = (Xu0, -+, X4k ), n > 0 be the stationary distribution of Q. In order to calculate
the stationary distribution x, it is necessary to have the family of square matrices
{Rk,k >0} of order K + 1 which are the minimal nonnegative solutions to the systems
of equations

Ao+ RAYY L R (R AV =0, k> 0. 2)

It follows from the special structure of the matrix A, that

Re=Ag(=AY" = RS ™) 3)

has the following formula
Rk—<,0k>,kzo, o)
where O is the zero matrix of size K x (K + 1) and ry = (rxo, 71, ,rx) is the

(K +1)— row vector. Thus it follows from Bright and Taylor [4] that the station-
ary distribution x = (x;,i > 0) is given by

n—1 n—2
X=X | [TRe | = xox | [Trex | a1 n>1, (&)
k=0 k=0
and x; is the unique solution of the equation
x0(A” +RoAM) = 0 (6)
with the normalizing condition
oo n—2
xol+xox [ rol+ Y [ []rec | rai1 ) =1, (7
n=2 \ k=0
where 1 is the column vector of corresponding size whose components are all 1.

3 Algorithmic Solution

In this section, we present an algorithmic solution for the stationary distribution
x of QO by using the generalized truncation method. The first step of the approximation
is to modify the infinitesimal generator Q to Qy by letting Afk) =AM, i= 1,2 for

L
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k > N, where N is a fixed positive integer. That is, Qy is of the form

0 1 - N-1 N N+1
0 /A9 4
1| A AV 4

Ov=N-1 AVD AN g : (8)
N Ay A A

N-+1 Ay A

where A, = A" and A, =AY, It is well known (e.g. see Neuts [8]) that Qy is
positive recurrent if and only if

M A1 ln}(m
p(N) VN P ™) <1, 9
7l >A2 1 Y (1 — Ty )

where 7V) = (nj(-N),O < j < K) is the stationary distribution of A = A, + A" +
AV thatis, #A®™ =0 and #™1 = 1. Noting that A?) is the same as the generator
of the Markov chain for queue length process in the ordinary M /M /c/K queue with
arrival rate A + Yy and service rate it of each server, it is easily seen that 77:,<<N>
by

is given

¢ c—1 A Nj PR Y A \K—c+1 -1
W) _ sk |y (ePy) | (cpy)1—(Pn)

where py = A:—JN By showing that limy_...#™) = p, it can be seen that the Markov
chain Qy is positive recurrent under the condition p < 1 for sufficiently large N. A
sufficient condition p < 1 of ergodicity of Oy for sufficiently large N can also be
obtained from Shin [10]. The second step is to find the stationary distribution y of
Oy and to increase N until the individual elements of y do not change significantly.
Note that y depends on the truncation level N. We shall write y(N) instead of y,

whenever necessary for clarity. Finally, approximate x by y.
Let S is the minimal nonnegative solution of the matrix equation

Ag+SA; +5%°A; =0 (10)

and
Sp=Ag(—AFY g AFY T k=N_2 N—3,---,1,0 (11)
with Sy_; = S. It follows from the special structure of the matrix A, that S and S,

0 < k < N —2 have the following formulae

S=<O>, Sk:<0>,03k§zv—2, (12)
S Sk
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where O is the zero matrix of size K x (K+ 1), and s = (59,51, ,5¢) and s =
(Sk058k1,- - »Skx ) are the K + 1 row vector. To highlight the matrices S is a function of
N, we shall write S(N) and s(N) instead of S and s, whenever necessary for clarity.
Similarly, Sx(N) and s¢(N) will be used instead of Sy and sy.

Write y = (¥,¥;,Y,, -+ ) in the block partitioned form, where y; = (i, , ik )»
i > 0. Following the similar procedures to those of (5), (6) and (7),y;, i > 0 are given
by

n—2
Yok (H&d() Sn—1, 1<n<N-1,

k=0
Vo= (13)

The vector y, is the unique solution of the equation

oA +5,4) =0 (14)

with the normalizing condition

N—1 [n-2 N-2 Sl
sol+ Y | [Tsex ) soid+ | [T sux T =1. (15)
k=0 T RK

Yol +yox
n=2 \ k=0

So the algorithm consists of two parts, (1) computation of S and Si, and (2) choice of
truncation level N.

Computations of S and S. Since S? = siS, we have from (10) and (12) that
s=(Aep + yvsk8)(—Ar) 7, (16)

where e, = (0,---,0,1) is a (K + 1)-dimensional row vector and § = (0, s, s1, -+ -,
sx—1). That is, the jth entry s; of s is given by

K
§; = A1, +YNSKZSi71ai+1,j+I7 j=0,1,--- K, )
i=1
where (—A;)™" = (a;;)1<i j<k+1. The solution of the equation (16) is obtained by
s = lim,_..s™, where the sequence {s™,n > 0} is defined by

s = (Aek, + s 5" (—Ap) ! (18)

with s© = 0 and §" = (0,s0"”,s\".--- 5% ). Since all the elements in (18) are
nonnegative, the iteration (18) provides a stable method for evaluating S. To expedite
() for i < j

J

i

the convergence to s, we use a modified method that uses the new one s

1)

for computing s&” as

j—1 K
n+1 n n+1 n .
s; +) _ Aagi +YNS§<> < S,(,T >ai+1.,j+1 +Zs,()1ai+l,j+1> ,J=0,1,--- K.
i=1 imj

19)
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Iteration (19) is repeated until for arbitrarily chosen & > 0, the tolerance condition

(n+1)

n+1 n
7 sl = g " =7 < 0)

is satisfied.

We can see from (16) and (11) that it is necessary to evaluate (—A;)
(—A k“ — Sk A (k+2) ) .0 <k <N -1 for computing S and S;. The following results
for ( A(lk)) are immediate from Proposition A.2 in Appendix. Let u; = min(j,c)u,
0 < j < K+1. Define wi-k) and vgk), 1< j<K+1 asfollows:

~1 and

Y
K+ A+cu’
wh = A i —KK—1.---2
J l N (k) ) .] ) ) ) )
Th i — Wil
1
w = )
Aty—wyn
and
oo _CH
Kb Adeu’
o= S =K K12,
l(l _Vj+1)+,}/k+uj71
(*) 1
v = —
e
Proposition 1. The inverse matrix (—A(lk))_' = (agf))lgﬁ j<k+1 of —Agk) is given as
follows: (1) The first row and column :
al) = wihwl =12, K41, @)
at(f) = V()Vl() v(lk)7i:1)21‘”7K+17 (22)
(2) The j-th (2 < j < K) row and column :
(k)
O I+Aa;; 23)
" A+ Y+ 1o —Wyl)llij
aly = awh Wt m= 1,2, KL 24)
ay = v G =2, K (25)
(3) The (K +1,K + 1)-component :
k
) 1+)‘“§<ll,1<

Agii k41 = A+ (26)
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For the inverse (—A"™) — 5, ,A{™) =1, we need the following lemma.

Lemma 2. Let A be an invertible matrix of size n and
B=A+auw’,

where u and v are column n-vectors and v' is the transpose of v. If B is invertible,
then the inverse matrix B~" of B is given by

a

- A'wTAl
1+avTA 'u w

Bl'l=A"-

In particular, ifu =v =e; = (0,---,0,1,0,---,0)7 is the column n-vector whose kth
component is 1 and others are all zeros, then the (i, j) component [B~'];; of B~ is

a

B, = [A“};,-—m

AT aA gy, 1<dj<n
Proposition 3. Once sy, | is obtained, s, = (S0, Sk1," "+ ,Skx) IS given by

(k+1) K (k+1)
(Yk+2az<+1,1<+1 i Skt 1145 g

K (k+1)
1— '}/k+2 (Zi:l Sk+l.i—1ai+1_](+1)

(k+1)

Skj = Mgy + )7]':0,1727"',K- 27

Proof. Noting that
Ang) + 8 AN = A<1k+l) + Yir2€k+18k+15
(27) is immediate from Lemma 2. O

Choice of N. The choice of the truncation level N is important because the
amount of computation and the approximation error depend on it critically. It can
be seen from (13) that the tail distribution of y depends largely on the spectral ra-
dius sp(S(N)) = sx(N) of S(N). As Neuts and Rao [9] indicated, to minimize the
effect of the approximation, the truncation level N must be chosen such that sx(N)
is sufficiently close to sx(e0). In the following, we show that sp(Ry) = ryx and
sp(S(N)) = sg(N) have the same limit p as N tends to infinity.

Lemma 4.
]}im Nk =p = Allim sk(N). (28)
Proof. Let A, = —diag[Agk)] be the diagonal matrix whose diagonal elements are

[_A(lk)]iiv 1 <i< K41 and define
PY = A;'Ag, k>0,
PY =a AV 41, k>0,
B = k=1
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and let
Rl = A 'RiAvyy, k> 0. (29)

Then the matrices R}, k > 0 are the minimal nonnegative solutions to the equations
Rl =P+ RIP D+ RIR], PP), k> 0. (30)

We have from (29) that R/ has non-zero elements only in the last row and denote it
byri = (rlfo"" ’rl{,K) and

A+c A+c A+c
rk:( Mg Aty “rf/)

k,0» s ’
Aky10 Aky11 A1kt

Thus 7y x = r{ x and hence 7., x = 17, . Letting k — oo in (30), we have that

Volo_o:()>
rolo_j:ro,cy[( ocjfl’j 1525' 7K_27
cH
’l]ok—l :d’(l—l—c,u "‘riok’i,l(—za
A
Volo,k = l+c,u w,Kri,K—l

The nonnegative solutions that are less than 1 of the equations above are given as
follows:

rl;=0,j=01,- K=2,
-_P
1+p’

g

K2

K

e
°

Thus r.x = rL x = p and hence the first part of (28) is proved. We can show the
second equality in (28) by noting that

S(N) = AyS’(N)A'!
and $’(N) is a minimal nonnegative solution of the equation
S'(N) =B + 8" (NP + (87 (V)R
The details are omitted. 0

Remark 1. Neuts and Rao [9] claim that limy_...sp(S(N)) = p by numerical exper-
iments for various case. The model considered in [9] is a little bit different from that
in this paper. But our method can be applied to the case of Neuts and Rao [9].
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Now we propose criteria for selecting N. Basically, N must be large enough for
Oy to satisfy the stability condition (9) and the stationary distribution y exists. We
choose N which satisfies the following conditions for S(N):

sk (N) — p| < & or [[SIN) — S(N —1)][|. < & 31)

for arbitrarily given & > 0, i = 1,2. Furthermore, to reduce the effect of approxima-
tion, we choose to increase N until the tail distribution Y, ¥, (N)1 < & for arbitrar-
ily given & > 0. The following algorithm summarizes the results above.

Algorithm 1. Approximation for x

1. Choose an initial level Ny for p(Ny) < 1 and let N := N,
2. Compute (—A(IN))*1 and S(N) using Algorithm A and (19), respectively.
3. IF (|sx(N)—p| < g or|[S(N)—S(N—1)||. < &) THEN
compute Sy (N), k=N —1,---,0 and y using (27) and (13), respectively;
ELSE N := N +1 and GO TO 2. ENDIF;
4. Check the criterion for tail distribution of y(N).
IF (Y_yy«(N)1 < &) THEN
STOP;
ELSE N := N +1 and GO TO 2. ENDIF;

4 Numerical results

We consider M /M /25 /K retrial queue with arrival rate A = 1.0 and retrial rate
Y. = k7, k > 0. To show the effectiveness and feasibility of algorithm 1 to the case of
large K and/or highly congested system, where p is high and Y is very small compar-
ing the arrival rate A, we consider the following combinations p = 0.9, 0.95, 0.975,
Y= 10.0, 1.0, 0.5,0.1, 0.05, ¢ = 25, and K = 25, K = 50. Some system character-
istics such as the mean number L, of customers in orbit and the mean number L; of
customers in service facility, and the blocking probability BP are considered. The
expressions for Ly, L; and BP are as follows:

) N—1
SK N
L = 1 = 1 — 1
0 (kz:,)k}’k> (kz(,)k}’k> +YN-1k ((1 — k) + 1 _SK) s,
oo N—1 s
Ll = Zyk ll - Zyk—'—nyl,Kl 117
k=0 k=0 — Sk
) N—1 Sk
BP = Zyn,K = Zyn,K"i_nyl,K ’
n=0 n=0 1_SK

where 1; = (0,1,2,--- ,K)". We choose the stopping criteria & = 0.001 for (20),
€ = & =0.001 and & = 0.0001 for the third and fourth steps in Algorithm 1. To
show the choice of the error bounds ¢&;, i = 0,1,2,3 are satisfactory, we present the
numerical results of Ly, L; and BP for large values of N in tables 1 — 3. For each case
of yin tables 1 — 3, the first line corresponds to the truncation level N obtained by the
Algorithm 1 and the second line corresponds to the large N for comparisons.
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Table 1: M /M /25/K retrial queue with A = 1.0 and p = 0.9

K =25 K =50
y N | L L BP N | L L BP
10. | 79 | 4613 2250 0.4984 || 54 | 0.3246 26,74 0.0355
150 | 4.621 2250 0.4984 | 100 | 0.3290 26.74 0.0356
1. 80 | 5.006 2250 04479 || 54 | 03316 26.73 0.0307
150 | 5.014 2250 0.4479 || 100 | 0.3359 26.74 0.0308
05 | 81 | 53956 2250 0.4166 || 54 | 03383 26,73 0.0276
150 | 54037 22.50 04167 || 100 | 0.3425 26.73 0.0276
0.1 |90 |8102 2250 03273 || 89 | 0.3852 2669 0.0176
150 | 8.110  22.50 0.3274 || 100 | 0.3854 26.69 0.0176
0.05 | 120 | 1124 2250 0.2930 || 117 | 04309 26.64 0.0133
150 | 1124 2250 0.2935 || 150 | 04309 26.64 0.0133

Table 2: M /M /25 /K retrial queue with A = 1.0 and p = 0.95

K =25 K =50
Y N | L L BP N | L L BP
100 | 158 | 13.89 23.75 0.7199 || 133 | 3.793 33.74 0.1936
300 | 13.94 2375 0.7201 || 300 | 3.842 33.75 0.1991
1.0 | 160 | 1475 2375 0.6726 || 133 | 3.817 33.71 0.1805
300 | 14.81 23.75 0.6728 || 300 | 3.866 33.72 0.1809
05 | 163 | 15.64 2375 0.6410 || 133 | 3.841 33.60 0.1672
300 | 1570 23.75 0.6412 || 300 | 3.890 33.70 0.1676
0.1 | 179 | 22.02 23.75 0.5418 || 133 | 3.997 3354 0.1174
300 | 22.09 2375 0.5420 || 300 | 4.045 33.54 0.1178
0.05 | 197 | 2951 23.75 0.5005 || 134 | 4.164 33.38 0.0912
300 | 29.60 23.75 0.5008 | 300 | 4210 3338 0.0915

Table 3: M /M /25/K retrial queue with A = 1.0 and p = 0.975

K =25 K =50
y N | L L BP N | L L BP
10.0 | 292 | 3327 2438 08515 || 267 | 1741 40.04 0.4502
450 | 33.64 2438 0.8519 || 400 | 17.74 40.06 0.4513
1.0 | 296 | 3497 2438 08164 || 267 | 1745 40.00 0.4237
450 | 3534 2438 0.8169 || 400 | 17.78 40.03  0.4249
05 | 301 | 36.76 24.38 0.7918 || 267 | 1748 3997 0.4027
450 | 37.13 2437 0.7923 || 400 | 17.81 39.99  0.4039
0.1 | 332 | 4997 2438 0.7096 || 267 | 17.70 39.74 03126
450 | 5039 24.38 0.7102 || 400 | 18.04 39.76 0.3139
0.05 | 365 | 65.72 2437 06739 || 268 | 17.96 3951 0.2566
450 | 66.18 2437 0.6746 || 400 | 18.28 39.53 0.2578
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S Concluding remarks

For the computation of the stationary distribution of LDQBD process, one of
the main problem is to calculate the rate matrices R;. Especially, when the truncation
level N is large, the number of the boundary states are large and many inverse ma-
trices (—A(lk))‘l should be calculated for R,. The algorithm presented in this paper
follows the general method presented in Bright and Taylor [4], but main contribution
of this paper is to present a simple algorithm for ( —A(lk))’1 when A(lk) is the tridiago-
nal form. Thus the algorithm of this paper can be applied to the LDQBD process with
generator whose diagonal block is tridiagonal form. Stepanov [13] considered a very
general Markovian retrial queueing system with impatient customers and feedback,
that is, an arriving customers from outside of the system and the orbit can leave the
system without service and the customers who completes its service can rejoin the
queue. Stepanov’s model also falls into the LDQBD process with diagonal block that
is tridiagonal matrix. Algorithm A for computing the inverse of the transient genera-
tor of tridiagonal form can be applied to the case where Agk) is the block tridiagonal
form, for example MAP/M /c/K retrial queue. In this case, using the block matrix
version of algorithm A, it necessary to K + 1 inverses of the matrix of size m instead
of the matrix inverse of size m(K + 1) for the inverse of the diagonal block, where
m is the size of the underlying Markov chain describing MAP (Markovian arrival
process).

Appendix A Fundamental matrix of a generator of tran-
sient birth-and-death process with finite state

Space
Consider an n x n matrix 7 is of the form
bl a
o b a

C3 b3 as
Cn—1 bnfl ap—1
& by

withb; <Ofor1 <i<m,andg; >0,c; >0for1 <i<n—1,2<j<n Weassume
that 71 < 0 and hence 7' exists, and denote by

X111 X2 o X
( T)*l X Xor X2ttt Xop
Xl Xn2 e Xnn

the fundamental matrix of 7.
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Define wy and v, k = 1,2,--- ,n by the solution of the following equations
A1 +wibg +wiwis 1 = =614, 1 <k <, (A1)
kb + @ ivi = —0ix, 1 <k <n, (A2)

where 6;; =1 fori= j, 6;; =0fori# jand ay=a, =c; = c,41 =0.

Lemma A.1. The wy and v, 1 < k < n are positive and given as follows

Wp = anfl(_bn)ila (A3)
we = a[—(bitwinc)] L k=n—1,n-2,--- 2, (A4)
w1 = [_(bl +W2C2)]71 (AS)
and
Vo = (_bn)_lcm (A6)
e = [—(bi+avi)] e, k=n—1,n-2,--- 2, (A7)
vi = [—(bi+am)] " (A.8)

Proof. The recursive formulae (A.3) — (A.5) and (A.6) — (A.8) are immediate from
(A.1) and (A.2), respectively. It remains to show that w, >0 and v, > 0, 1 <k <n.
It is clear that w, > 0. We have from 71 < 0 and ¢, > O that

- (bnfl +Wncn) =—b,_1+ %anfl > —by_1—a,-12>¢c—1 >0 (A9)
and hence c
0<—bl"ﬁ§1. (A.10)

Similarly, it follows from (A.9) and (A.10) that

Cp—1ay—2
*(bn72 +anlcn71) = 7bn72 + — Z *bn72 —ap Z Cn—2 > 0
bnfl —|—W,,,1Cn,1
and hence c
0<—— "2 <l1.

bn72 +Wu1Cn1
Repeating this procedure, we have that —(by + wyi1c1) > 0 and wy >0, 1 <k <
n— 1. Similarly, we can show —(by +avy1) >0andhence vy > 0,1 <k<n—1. O
Proposition A.2. The (i, j)-component x;;, 1 < j<nof X = (=T)"" are given as
follows:
(1) The first row and column :

Yy = wiwaews, j= 1,2, (A.11)
Xj1 = vjvj—l"'vl>i:1727"')na (A.12)
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(2) The j-th (2 < j <n—1) row and column :

xjjo= (Ltagmai)[=Gitwisci)] ™, (A.13)
ij = xijj+1Wj+2"'Wm,m:j+l,j+2,"',l’l, (A14)
Xmj =  VmVm—1-""Vj+1Xjj, m:]+17]+277n7 (AlS)

(3) The (n,n)-component :
X = (14X 1an-1)[—ba) " (A.16)
Proof. We have from XT = —/ and TX = —I that
Xij1@j-1 + X0+ X e = —6;, 1 <i,j <n, (A.17)
CiXio1j+bxij+aixip ;= —06;, 1 <i,j<n,. (A.18)

It can be seen from the construction of wy and v that x;;, 1 <1i,j <n givenin (A.11)
— (A.16) satisfy (A.17) and (A.18). O

Summarizing the results above, we present an algorithm for computing (—7)~".

Algorithm A. Computation of (—7)~' = (x;;)

1. Compute wy and v, 1 <k <nusing Lemma A.1.
2. Computation of rows and columns.
Fori=1,2,---,n,do

o x. — { wi, J= la
Y (1+xjm1aj-1)[=(bj+wjsicjn)] ™, j =2
® X =Xj Wi, k=j+1,---,n: j-throw
& Xy =ViXi—1,j, k=j+1,---,n : j-th column
Remark A.1. Carefully looking the proof of Proposition A.2, we can see that x;; in
(A.13) may also be written by
ij = [_(bj+ajv.i+1)]71(l +Cixj*1«j)a ] = 2737' s, (Alg)

Remark A.2. Replacing a;, b; and c; by A;, B; and C;, respectively, we can show that
Proposition A.2 holds for the transient QBD generator 7* that is irreducible and is of
the form

B, A
G B, A
G By Az
T = . . )
Cnfl anl A”,1
G, B,

where By is the square matrix of order n;, 1 < k < n, and A; and C; are the matrices
with appropriate order.
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