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1 Introduction

It is a very hard to solving the vertex-distinguishing edge coloring( or strong
coloring ) of graphs studied in paper [1-5] introduced from the theory of network.
It is also hard to solve the adjacent strong edge coloring ( or adjacent vertex-
distinguishing edge coloring of graphs introduced in paper [6] and adjacent vertex-
distinguishing total coloring of graphs introduced in paper [7]. In paper [8-9], the
concept that vertex-distinguishing equitable total coloring of graphs and adjacent
vertex-distinguishing equitable-total chromatic number of graphs is given to study
some graphs. In this paper, we give a method to solve P, V F,. All of the graphs
concerned in this paper are simple, finite and undirected graph . We denote by
V(G), E(G) and A(G) the set of vertices , edges and the maximum degree of graph
G, respectively.
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Definition 1 [l Let G(V, E) is a connect graph of which the order is at least
2, k is an positive integer and f is the mapping from V(G)U E(G) to {1,2,--- ,k}.
For any v € V(G), if

1. for any uv,vw € E(G),u # w , there is f(uv) # f(vw);
2. for any uv € E(G),u # v , there is f(u) # f(v), f(u) # f(uwv), f(v) # f(uv);
3. for any wv € E(G),u # v , there is C(u) # C(v)

Where C(u) = {f(u)} U {f(w)luv € E(G)}. Then f is called a k-adjacent
vertex-distinguishing of coloring of graph G(in brief, denoted by k-AVDTC) and
Xat(G) = min{k|G has k-AVDTC} is called the adjacent vertex-distinguishing
total chromatic number of graph G.

It is obviously that for any graph G(|V(G)| > 2), xat(G) exists.
Obviously for graph G, if wv € G and d(u) = d(v) = A(G), then

Xat(G> Z A(G) + 2

In paper [7], adjacent vertex-distinguishing total chromatic numbers of some
graphs are obtained and a conjecture is given.
Conjecture 1 |7 For graph G,

Xat(G) S A(G) + 3

Definition 2 [/ For graph G, let f : V(G) U E(G ) {1,2,--- ,k} be a k-
AVDTC of G. Let S; =V; UE;. If for any i,j5 € {1,2,--- , k},
1Si] = 1551 <1

then f is called a adjacent vertex-distinguishing equitable-total coloring of G( in
brief, denoted by k-AVDETC), where

Vi={ueV(G)|f(u) =i}, E;=w € E(G)|f(w) =i,i=1,2,--- k.

And
Xaet(G) = min{k|G has a k-AVDETC of G}

is called adjacent vertex-distinguishing equitable-total chromatic number of G.
Obviously for graph G, Xqaet(G) > Xat(G).
Conjecture 2 1) For any graph,then

(1)Xaet (G) < A(G) +3

(2)Xaet (G) = Xat(G)

Definition 3('? For graph G and H(V(G) NV (H) = E(G) N E(H) = ¢), a
new graph induced by G, H is called graph G join H( denoted by GV H) if

V(GVH) = V(G)UV(H), E(GVH) = E(G)UE(H)U{wlu € V(G),v € V(H)}.
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In the [9] , we have get the adjacent vertex-distinguishing equitable-total chro-
matic numbers of some graphs such as path, circle, complete graph, complete
bipartite graph, fan, wheel, path join path, path join circle, circle join circle, path
join star, path join wheel.In this paper we get the adjacent vertex-distinguishing
equitable-total chromatic numbers of P, V F,. The other terminologies and mark
refer to [10-12].

2 Main Results

Lemma 1 [7.Let K,, be a simple graph with order n, then

n+1, n=0(mod2);

Xaet(Kn) = { n+ 2’ n= 1(m0d2)

Lemma 2 [".Let G be a simple graphs and uwv € E(G),d(u) = d(v) = A(G),
then
Xaet(G) > A(G) +2

Suppose P, is a path with order m, P,, = ujug - - Up;

V(F,) ={vi|i=0,1,--- ,n};

E(F,) ={vov; |i=1,2,--- ;n}U{vvi41 |=1,2,--- ,n—1}
Theorem 1.For n = 2, then
5 m=1

Xaet(Pm\/FQ): 7 m =2
m+4 m>3

Proof. Owing to P; V F» = K4, P, V F, = Kj5,according to Lemma 1,we know
conclusion is true.

When m > 3 owing to d(vg) = d(vi) = m + 2 = A(P,, V Fy),according to
Lemma 2,we know

Xaet(PmVF2)2m+4

To certify theorem is true, we only give a (m+4)-AVDETC of P,,, V F», (m > 3)
Let f be:
f(’l}o’l}i) :i7 1= 1727

flvous) =2+i, i=1,2,---,m;
floive) =4
fluv;) =i+ 74 3(mod(m+4)), i=1,2,---,m;j=12;
flo)=1+4i, i=12
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f(vo) =05
flu))=4i4+3, 1=1,2,--- ,m.
For n order path P,(n > 2),

w
3
Il
~N
w

Xaet (Pn) = {

>~

Case 1.When 3 < m <6 f(ujuiyr1) =
(m+4)-AVDETC of P, V F3, (m > 3)
Case 2.When 7 < m < 10,then

|
=
~

|

—_
N

---,m — 1..0bviously f is a

= i=1,2,--,6
thitl) = 7+ i(mod(m+4)) i=6,7,---,m—1
Obviously f is a (m+4)-AVDETC of P, V Fy, (m > 3)
Case 3.When m > 11,then
) = { i=1,2,---,5
Witlit1) = 8 4 i(mod(m +4)) i=6,7,--- ,m—1

Obviously f is a (m+4)-AVDETC of P, V Fy, (m > 3),and

s[4 =2 18m 3,0
715 i=14,15,--- ,m+2

So f also is a (m+4)-AVDETC of P, V F3, (m > 3), (m > 11).

Above all,we know when m > 3, P,,, V F» exists (m+4)-AVDETC,so theorem is
true.

Theorem 2. For n > 3,m = 1,2, then

n+3 m=1

Proof. Owing to

n+l m=1

AG%VEJ:{n+2 m=2

And d(vg) = d(u1) = A(Py V Fp),(m = 1,2), and vou; € E(Pp, V F,), so
Xaet(P1V Fp) > m+ 3 and Xaet (P2 V F) > n+ 4 by lemma 2.
When m=1, we only give a (n+3)-AVDETC of P, V F,,.
Let f be:
f(UO'Ui):ia i:1327"’7n;
flvour) =n+1;
flo)=i+1, i=1,2--m

flur)=n+2
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f(vo) =0
fwipr) =344, i=1,2,--- , n—1;
flugvy)) =n+2+4+i(mod(n+3)), i=1,2,---,n
Obviously fisa (n+3) — AVDETC of P, V F,,(n > 3).
When m=2.let f be:

floovy)) =i, i=1,2,---,m;

floou;)) =n+1i, i=12;
fluo)=i+1, i=1,2,---,n;
flu)=n+1+i, i=12
f(wo) = 0;
flovisy =3+4, i=1,2,--- ,n—1;
fluv;)) =m+1+i+jimod(n+4)), i=1,2;j=1,2,---,n.

Obviously, f is a (n+4)-AVDETC.
Above all, theorem 2 is true.
Theorem 3 If m > 3,n > 3, then

m+n+2 m=3orn=3

A(Pm\/F")_{ m+n+1 m>n>4dorn>m>4

Proof. We now consider the following cases separately
Case 1.When n=3, owing to A(P,, V F3) = m + n and d(vg) = d(va) =
m+ n,vove € E(Pp V F3),50 Xaet(Pm V F3) > m +n+ 2 by lemma 2.
Let f be:
f(vovi) = ia i=1, 21 3;

floou;)) =i+3, i=1,2,--- ,m;
flovi1) =3+1i, i=1,2
fluuipr) =144, i=1,2,--- ,m;
flo) =144, i=1,2,3;
f(vo) =0;
flu))=4+1i, 1=1,2,--- m;
floiviz1) =3+i, i=1,2.
When m=3,
fluivy) =4 +i(mod8),i =1,2,3;5 = 1,2,3; f(wjui1) =i+ 1,i = 1,2

For f, we have
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6(“0) = {7}76(7)1) = {375}76(02) = {6}76(03) = {677}7

C(uy) = {1,3},C(uz) = {4}, C(u3) = {4,5}.
So f is a 8-AVDTC of P; V F3.And

3 i=1,3,4,56,7;
Si_{4 i=0,2

So fis a 9-AVDETC.
When m=5,
f(uiui-i-l) :i7 i= 1727374;

f(uivj):4+i+j, 1=1,2;7=1,2,3;
flusv;) = 84 j(modl0), j=1,2,3;

f(ugvy) = 0;
flugvz) = 9;
flugvs) = 2;
flusv) =4+7, j=12
f(usvz) = 0.

For f,we have
U(UO) = {9}76(1}1) = {3’8}76(172) = {1}’6(1]3) = {677}56('“5) = {1727377}
C(uy) = {2,3,9,0},C(uz) = {3,4,0}, C(u3) = {4,5,8},

6(“‘1) = {175’6}76(’00) = {7}
So fis a 10-AVDTC of P V F3, and

5 |= 3 1=1,3;
14 i=2,4,5,6,7,8,9,0
So f also is a 10-AVDETC of Ps V Fj.
When m=6,

Fluv)) =5+i+ j(modll),i =2,3,4,5:5 = 1,2,3; f(uv;) =5+ 4,5 = 1,2,3;

fuevy) =3, f(ugv2) = 6, f(usvz) = 7.

Obviously f is a 11-AVDETC of Ps V Fj.
When 7<m <8
flurv;) =5+34, j+1,2,3;

Fluw) =5+ i+ j(mod(m +5)), i=2,3,--,m—1j=123
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fumv1) = 35 f(umvz) = 6; f(umvs) = 7.

If mz?,f(uiuiH) =1 — 1,i = 1, 2, ce ,6

Obviously f is a 12-AVDETC of P; V Fj.

If m = 8.f(ujuir1) = 4,0 = 1,2,--- ,6; f(urug) = 4.0bviously f is 11-AVDTC
of Py V F3,and

g2 {3 =460
"1 4 others

So f is 13-AVDETC of Ps V Fs.

If m=9,
s {4 15012678913
"1 5 others
If m=10
s {4 i=0127891
1 5 others
If m=11
s =4 i=0128915
"1 5 others
If m=12
s 4 i=012906
"1 5 others
If m=13

4 i=0,1,2,17
| i |_{ 5 others

So f also is a (m+5)-AVDETC of P, V F3,(9 <m < 13)

fhm=td 4 i=17,8,9
| i l= { S Zot?zev:s ’
If m=15 L
| S l= { 5 :)t;esvjsg
If m=16 L o
| S l= { 5 j)t;ers

If m=17,| S; |= 5,i = 0,1,--- ,m +4 So f also is (n+5)-AVDETC of P, V
F3,14<m <17
When m > 18
f(usuirr) = m+ 3 +i(mod(m +5)), i=1,2,---,m—6;

fluuip) =1+6—m, i=m-5m—-4,m—-3,m—2m-—1.



336 International Symposium on OR and Its Applications 2005

Obviously f is a (m+5)-AVDTC of P, V F3.and
g6 =101 mg
‘| 5 others

So fis a (m+5)-AVDTEC of P, V F3,(m > 18)

Case 2When m = 3,n > 4,A(Ps V F,,) =n+ 3 and d(vg) = d(uz) =n+ 3,0
Xaet(P3 V F,) > n+ 5 by lemma 2,same as Case 1,(regard Ps as v1vov3),we can
obtain (n+5)-AVDEC of P53 V F,,, (n > 4)

Case 3.When m > 4 and n > 4,A(P,, V F,,) = m + n and only vy, d(vg) =
m + n..To certify conclusion is true,we only give a (m+n+1)-AVDETC of P,, V
F,,(m>4,n>4)

Subcase 3.1 When n > 7 let f be :

flogv)) =4, i=1,2,-- m;
floows) =n+i, i=1,2--- n;
fun) =1; f(vo) = 0;
flu)=i+1, i=12-,n
flu)=n+1+i, i=12-- n-1;
fowipr)=i—-1, i—1,2,--- ,n—1;
f(uiuisr) =n—1+1i, i=1,2,--- ,n—1
flurv)) =n+2+i(mos(2n+1)), i=1,2,---,n—1;
flurvp) =n—1
If n = 1(mod2),

1
f(uﬂ/j)=n+1+i+j(m0d(2n+1)),i2273,--'an; ;j=12,-,n
5 3 )
f(ulvj):?)_n—i_ +’L+]’Z:n—2~_ 7”’; 7"'7n;j:1527"'an;

If n = 0(mod2),

f(uivj):n+1+z‘+j(mod(2n+1),i:2,3,.-.,g+1;j:1,2,-~-,n)

It is clear f is a (2n+1)-AVDETC of P, V F,,, (n > 7).
Subcase 3.2 If m > n > 4,or n > m > 4, suppose that m >n >4
Subcase 3.2.1 If m = n+ 1 > 5,when n=4,let f be:
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flogw)) =4, 1=1,2,3,4;
floous) =444, i=1,23,4,5;
f(vo) =0;
flo)=1+414, i=1,2,3,4;
flu))=5+14 i=1,2,3,4;
flus) =1;

Fluw;) =540+ j(modl0), i=1,2,34;j=1,23,4;
flusvy) =3, f(usve) = 6, f(usvs) =7, f(usvy) = 8;
foivip1) =3 +1i, i=1,2,3;
fluguipr) =i+3, i=1,2,3;
fugus) = 4.

For f,we have :

Clur) = {1,2,3}; C(uz) = {2,3}; Clus) = {3,4};

Clua) = {5,7}; C(us) = {2,5,0}; C(v1) = {6,5}; Clv2) = {7}

C(vs) = {8}; C(va) = {7,9}; Cwg) = ¢
So fis a 10-AVDTC of Ps V Fj.

If n > 5,
flvovi) =4, i=1,2,---,m;
floow) =n+i, i=1,2,---,n+1;
f(vo) =0,
flo)=1+i, i=1,2,-,n.
f(unt1) =1;
flug)=n+1+1i, i=1,2,---,n
flowi) =n+i, i=1,2,-- n—1;
Jc(uz‘uz'-~-1)Zn—l—&—i7 i=1,2,--,n.
If n=5,

fuv;) =6+i4+j5(modl2),i =1,2,3;5=1,2,3,4,5; f(ugv;) =i—1,i=1,2,3,4,5

f(u5v1):2+7’77’: 172a374a5af(u61}2) :l+3a7’: 152737f(u6’01) :7’7372:475
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For f, we have

U(UO) = QS;U(UI) = {5’ 7, 11};6(112) = {058};6(1}3) = {1,9}

C(vy) = {7,10}; C(vs) = {8,10,11}; C(u1) = {1,2,3,4}; C(uz) = {2,3,4}

Cl(u3) = {3,4,5}; C(ug) = {5,6,11}; C(us) = {0,1,2}; C(ug) = {0,7,8,10}

So fis a 12-AVDTC of Py V F5,and
6 1=9
| Si = { 5 others

So fis a 12-AVDETC of Ps V F;
If n—6,
f(vivi+1):6+ia i=1,2,3,4,5;

fluuipr) =444, i=1,2,3,4,5,6;
f(uivj)—7+2+](m0d14) i=1,2,3,4;5=1,---,6;
flusv;) = i=1,---,6;
f(ugv;) = i=1,---,6;
f(uwi):?)—&-z7 1=1,2,3;
flugvy)) =1 -2, i=4,5;
f(uzvg) = 9.
So fis a 14-AVDTC of P; V Fg, and

5 1=14,6,7,8
| Si |= { 6 others
Same as it,we can obtain when n > 7, f is a 2(n+1)-AVDETC of P41 V F,.
Subcase 3.3. m=n+k,k > 2,n > 4.1t is clear f is a (m+n+1)-AVDETC.
Above all, theorem is true.
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