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Abstract  Line search method and trust region method are two important
classes of techniques for solving optimization problems and have their advantages
respectively. In this paper we use the Armijo line search rule in a more accurate
way and propose a new line search method for unconstrained optimization problems.
Global convergence and convergence rate of the new method are analyzed under mild
conditions. Furthermore, the new Armijo-type line search strategy is shown to be
equivalent to an approximation of a trust region method then has both advantages
of line search strategy and trust region strategy.
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1 Introduction
Consider the unconstrained minimization problem
min f(x), = € R", (1)

where R™ denotes an n-dimensional Euclidean space and f : R® — R! is a contin-
uously differentiable function.

Traditional iterative methods for solving (1) are either line search method or
trust region method. Line search method is based on searching a new iterative
point along a descent direction at each iteration and trust region method is based
on finding a new iterative point within a ball centered at the current iterate.
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Generally, line search method takes the form
Tk+4+1 :xk+akdk7 k:071527"'7 (2)

where dy, is a descent direction of f(x) at 2 and «y is a step size. For convenience,
we denote V f(x1) by gk, f(zx) by fx, V2f(zk) by Gi and f(z*) by f*, respectively.
If G}, is available and inverse, then d = G,;l gi leads to the Newton method while
dr, = —g, results in the steepest descent method (e.g.[2, 3]). The search direction
dy, is generally required to satisfy

ghdy <0, (3)

which guarantees that dj is a descent direction of f(z) at xp(e.g.[3, 9, 10]). In
order to guarantee the global convergence, we sometimes require dj to satisfy the
sufficient descent condition

gk die < —cllgrl®, (4)

where ¢ > 0 is a constant. Instead of (4), the angle property is often used in proving
the global convergence of related line search methods, that is

T
d
> (5)

cos < —gg,dp, >= ——"——— >
gkl - [ldll

where 1 > 7 > 0.

Once the descent direction dj is determined we should seek a step size along
the descent direction and complete one iterate.

There are many approaches to find an available step size. It is well known
that the exact line search is time-consuming, then inexact line search rules, such
as Armijo rule([1]), Goldstein rule and Wolfe rule, etc., see [3, 4, 5], are generally
used. Convergence analysis on line search methods can be seen in the literatures
(e.g.[4,5,7,8]). Among them the Armijo rule is most useful and easy to implement
in practical computation.

Armijo Rule. Let s > 0 be a constant, p € (0,1) and p € (0,1). Take ay, to
be the largest a in {s, sp, sp?, ..., } such that

fe — flap + ady) > —augldy,.

On the other hand, unlike the line search method, the trust region requires to
solve the following subproblem at each iteration

1

5P Bip, st [|pll < Ay, (6)

minmi(p) = fr + gip +
with By being an approximation to Gy and A being a trust region radius and
obtain a solution p;. By observing the value

b = S faet k)
" i (0) — ma(pr)

(7)
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we can assert whether or not the new point T = xy + pi is accepted. Trust region
method avoids line search but needs to solve a subproblem (see [6, 9, 12]). Given
€ 0, %), one has the accepted strategy

R T
Trt1 = { xp, otherwise. (8)

In this paper we extend the Armijo line search rule to a general form and
propose a new line search method for unconstrained optimization problems. The
global convergence and convergence rate of the new method are analyzed under
mild conditions. Furthermore, the new Armijo-type line search rule enables us to
reveal the relationship between line search method and trust region method.

The rest of this paper is organized as follows. In the next section we introduce
a novel usage of Armijo rule and develop a line search method. In Sections 3 and 4
we analyze its global convergence and convergence rate respectively. In Section 5
we reveal some relationships between the new line search method and trust region
method. Conclusion remarks are given in Section 6.

2 A Novel Usage of Armijo Rule

We first assume that

(H1). The objective function f(x) is continuously differentiable and has a lower
bound on R™.

(H2). The gradient g(z) of f(x) is uniformly continuous on an open convex set
B that contains the level set Ly = {x € R"|f(z) < f(x0)}, where z¢ is given.

(H2)'. The gradient g(z) of f(z) is Lipschitz continuous on an open convex set
B that contains the level set Lg, i.e., there exists M’ such that

lg(x) = g(w)l| < Ml|z —y], Va,y € B.
It is apparent that (H2)" implies (H2).

Now we define a new usage of the Armijo rule or simply call it new Armijo
search.

New Armijo Search. Given p € (0, %) and p € (0,1), By, is an approximation
to Gy = V2f(xy) and By, is defined by the following procedure: take 7 to be the

T
smallest integer such that d{Bkdk +i||dg||? > 0. Set s = qu“f’“éd’; and ay, is the
' % Brdi

largest av in {sg, sxp, Skp°, ..., } such that

1
fe — fzk + ady) > —aplgfdi + Eadszdk]-

Algorithm (A).
Step 0. Choose xg € R™ and set k := 0.
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Step 1. If ||gk|| = O then stop; else go to Step 2;

Step 2. Set xxy1 = x + ady, where dy, is a descent direction of f(z) at x) and
ay, is selected by the new Armijo search;

Step 3. Set k:=k + 1 and go to Step 1.

Lemma 2.1. If (H1) holds and g,:gdk < 0, then the new Armijo search is
well-defined.
Proof. By (H1) we have
lim f(@r + ady) — fr — $po’d] Brdy
a—0+ o

| = gidy, < pgl dy.

Therefore, there exists an @y > 0 such that

f(l‘k + Oédk) — fk — %uazngkdk
(0%

< /u'glzdka Va € [OaakL

which implies that the new Armijo search is well-defined.

3 Global convergence

Theorem 3.1. If (H1) and (H2) hold, dj satisfies (3) and «y, is defined by
the new Armijo search. Algorithm (A) generates an infinite sequence {xy} with a
bounded sequence { By}, that is, there is a 8 such that ||Bg| < 3, Vk. Then

=0. (9)

Proof. For contrary, if there exist an infinite subset K C {0,1,2,3,...} and an
€ > 0 such that

I (_g{dk)
k—oo” ||di|

T
_0dk ek (10)
(||
then
—gFdy, > €||dil|,VEk € K. (11)

By the new Armijo search and (11), in the case of df Bydy < 0 (k € K), we have

1
fe = fes1 > —applgf di + §akd53kdk] > —apugp de > opuel|di[;

and in the case of d{Bkdk >0 (k € K), since oy, < s, = fdf";i’;k, we have
fo = frer > —onplgidi + %akdekdk]
> —ogplgy di + %Skdszdk]
= _%akﬂglzdk
> %akndkn, Vk € K.
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This and (H1) imply that
ardy < agl|di]] — 0 (k € K, k — 00). (12)
Also by the new Armijo search, ||By|| < @ implies that
|Bill < 28+ 1,Vk. (13)

Let
Klz{kJEK| akzsk}, KQZ{kEK| Ozk<5k},

we can prove that K7 is a finite subset. In fact, if K is an infinite subset, (12) and
(13) imply that

oLdildsll _glds
@6+ DI = @ Brdy
which contradicts (10). Thus K> must be an infinite subset and ay/p < si, Vk €

Ks. By the new Armijo search, @ = ay/p will make the inequality in the new
Armijo search fail to hold, i.e.,

ldi |l = alldil| — 0 (k € K1, k — o0),

e = F(on+ o/ p)dx) < —(on/hulol i+ 3 (o p)dE Buc], & € K.

Therefore

P+ (on/p)ds) — Fi > (o p)plgl i + 3 (on/p)d Bd]

1 N
> (ar/p)plgr di — Q(Oék/P)dekdk]
1 R
> (ow/p)plgi di — §5kd£Bkdk]
3
- E(ak/p)ﬂg;fdk, k € Ko.

Using the mean value theorem on the left-hand side of the above inequality, there
exists 0y € [0, 1] such that

3
(ar/p)g(zk + Or(an/p)di) " dy, > 5(0%//’)#91?%7 ke K.

Hence,
gk + O (o /p)dy) di > guggdk, k€ Ko. (14)
By Cauchy-Schiwartz inequality, (13), (12) and (H2) we have
- §M) 9i d < lg(zk + Or(ar/p)dk) — gi]" di
277 |di| [l d |

llg(zr + Ok (. /p)dr) — gill - lldk||
- ||l

= |lg(xxr + Or(cuw/p)di) — gkl — 0 (k € Ko,k — 00),
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which also contradicts (10) and thus the conclusion holds.
O

Theorem 3.2. If (H1) and (H2)’ hold, dy, satisfies (3) and «y is defined by the
new Armijo search. Algorithm (A) generates an infinite sequence {x} and {By}
is uniformly bounded, that is, there is a 8 > 0 such that ||Bg|| < 3, Vk. Then

ST« (15)
2y

Proof: Since (H2)' implies (H2), the conclusion in Theorem 3.1 holds. Let
K, = {k| o = Sk}, Ky = {k| o < Sk},

we obtain by (13) that

1
fe— e > —agplgldy + EakdkBkdk]
T 1 A
> —agplgy di + EakdkBkdk]
1
= —Eakungdk
_ 1 (g7 di)?
2" dT Bydy
T
o Gie Ak \2
> — , ke K.
= 5@ il 1
Thus,
T
I Ik di o
ey > _ keK,. 16
o A AR 1o

In the case of k € Ky we have ay,/p < si, we can prove similarly as (14) that

3
9(@r + Ok (o /p)di) " dy, > §N9dek, ke Ks, (17)

and thus (H2)" implies that

3 ¢rd
-(1- §u)mkﬁ < |lg(zr + Ox(an/p)dr) — grll < M'ay/pllde|, k € Ka,

ie.,

3

T
_ d
ar = —p(1 = Sp)M'~

Ik 12"

k€ Ks. (18)
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Therefore,

fre — fra1

Y

1
—aku[ggdk + §akd£Bkdk]

1 .
> —applgldy + §Skd£Bkdk]

pp(l = 3p)  gldy
> — , k€ Ks.
= T ey Fe
By the above inequality, (16) and letting
pop 1 p(l=3p)
= min(, P,
we have
’ g;{dk‘ 2
fe = frev1 20 (= )7, Vk. (19)

lld |

This and (H1) imply that (15) holds.
O

Corollary 3.1. If (H1) and (H2) hold, dj satisfies (5) and «ay, is defined by
the new Armijo search. Algorithm (A) generates an infinite sequence {xx} and
| Br|l < B,Vk. Then

Jim gl = 0. 20

Proof. By Theorem 3.1, we have

Tq Tq
7llgell < -2k Hugkn:—gk ﬁeoufﬁoo).

gl - N Ik
The proof is finished.

4 Convergence Rate

In order to analyze the convergence rate, we further assume that

(H3). zp — z* as k — oo, V2f(z*) = 0 and f(x) is twice continuously
differentiable on N(z*,¢9) = {z| ||z — z*| < €o}-

Lemma 4.1. Assume that (H3) holds. Then there exist 0 < m’ < M’ and
€ < ¢ such that

m/lyl|? < y" V2 f(x)y < M'||y|]?, Yo,y € N(z*,¢); (21)

sl — " < f() — f@*) < SMe—a°?, Vo € N@@®,e (22)
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Mz —yl* = (9(z) — 9(¥)" (@ —y) 2 m/|lz —yl*, Yo,y € N(z",¢);  (23)

and thus

M|z —2*||* > g(2)T (x — 2*) > m/ ||z — 27|, YV € N(2*,¢). (24)
By (24) and (23) we can also obtain, from the Cauchy-Schwartz inequality, that
M'|lx —2*|| = lg(@)|| =z m'||lz — 2™||, V& € N(2", e), (25)
and
lg(z) — g)|| < M|z = y|,Va,y € N(z",€). (26)
Its proof can be found in the literature (e.g.[5]).

4.1 Linear Convergence Rate

Theorem 4.1. Assume that (H3) holds, dj satisfies (5) and «ay is defined by
the new Armijo search and that ||Bx|| < f,Vk. If Algorithm (A) generates an
infinite sequence {xy}, then {zx} converges to x* at least R-linearly.

Proof. If (H3) holds then there exists &’ such that x € N(x*, €),Vk > k' and
(H1) and (H2) hold if xy € N(z*,¢€p). By Theorem 3.2 and (5) we have

9 di
lld||

By the above inequality and Lemma 4.1, letting n = 1’72, we obtain

fr—= Fopr =0 (=527 > 072 lgkl? k> K

fe— feer > nllgell?
> gm?||xy —z*|?
2nm/2 .
> W(fk - ).

Set

2n
0=m'\[ 3

we can prove that § < 1. In fact, by the definition of 7 and n’ in the proof of
Theorem 3.2, we obtain

2 12,2,/
02 _ 2m'“n < 2m'“T4n
M - M
_ o2 (1S
- M’ 2M'
3
< mup(l=Sp)
3
< pp(l—op) <1

2
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By setting
w=11-0?
(obviously w < 1), we obtain from the above inequalities that
feri =" < A=0)(fr—f)
W (fx = )

w?(szk;’)(fkl—‘rl o f*)

By Lemma 4.1 and the above inequalities we have

VANVAN

loees = o 1P S (s = )
< wz(k_k/)W’
thus
lzrs1 — 2*]| < wFFy Q(fk/;l*—f*),
ie.,

2(frre1 — f*)
* k +
lz — 2™l < ™\ = T

1/k

We finally have

Ri{zp} = kli_)rr;(} lzp — 2™ || <w < 1,

which shows that {x;} converges to z* at least R-linearly.

4.2 Superlinear Convergence Rate

We further assume that
(H4). {By} is a sequence of positive definite matrices and ||Bg| < 3, Vk.
Algorithm (A) with dy = — B, ' g satisfies the following condition

f 1Br = V2F@)]di]| _

0. (27)
ko0 |l

Lemma 4.2. If (H3) and (H4) hold. Algorithm (A) generates an infinite
sequence {x}. Then there exists k' such that

ap =1, Vk > k. (28)

Proof. By Corollary 3.1 and (H3) we have

klim xp =2, klim ldi|| = 0, (29)
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and thus
klim (g +tdy, —2™) =0, (30)

where ¢ € [0,1]. Assumption (H4) implies that
di [Br = V* f(2)|di = o(]|di]?). (31)

By the mean value theorem, (H3), (29), (30) and (31), for sufficiently large k, we
have

flak+de) = fr = gidi+ /01(1 —t)d{ V2 f(xk + tdy,)drdt
= [g}dy+ %dkBk:dk]
+ /01(1 — ) dF V2 f(xp + tdy) — V2 f(x*)]dpdt
451V () ~ Bl
= lofds + 5sBude] + (| |)

1
< plgidi + 5k Brdg].
This implies that there exists k&’ making (28) valid.
O

Theorem 4.2. If (H3) and (H4) hold. Algorithm (A) generates an infinite
sequence {x}. Then {xr} converges to x* superlinearly.

Proof. By Corollary 3.1 and Lemma 4.1 we know that {z;} — 2*. By Lemma
4.2, there exists k' such that (28) holds and we have

Thp1 = Tk + di, k> K,

where di, = Bk_lgk. By the mean value theorem, Lemma 4.1 and (30), it follows
that

1
k1 — gk = / V2 f(wr + t(@rs1 — 2n)) (@rgr — ap)dt
0
1
= / V2 f(wp + tdg)dydt
0

1
= V2f(2*)dy +/ (V2 f(zp + tdy) — V2 f(z*)|dpdt
0
= V?f(a")di + o(||dil]),
thus

Gr+1 = g + V2 f(2*)di + o(||dx]|)
= —Bydi + V? f(2*)di + o(||dx]|)
= —[By — V*f(z")]dk + o(||d|).
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By (27) and the above equality we have

gl _

32
5 ] o
From (25) and (32) it follows that
llgk+1ll m/[|gq — 2|
ldell [l
e — o
[@pt1 — @l
o a7
N E e R |
[T |
_ ’ |vg, — 2"
= m ,
1+ [Zkt1 — 2]
[z — 2|
and thus .
o Jze =2l _
sy |
which implies that {xy} converges to z* superlinearly.
O

4.3 Quadratic Convergence Rate

If we take By = V2f(xx) in the algorithm (A), then (H4) holds. we have the
following result.

Theorem 4.3. If (H3) holds, B, = V2f(xx) for sufficiently large k. Algo-
rithm (A) generates an infinite sequence {x}. Then {xy} converges to x* at least
superlinearly.

Proof. In this case, (H4) holds automatically, thus the results in Theorem 4.2
hold.

Theorem 4.4. If (H3) holds, By, = V2 f(xy) for sufficiently large k. Moreover,
there exists a neighborhood N(x*,¢) = {x € R"| ||z — z*|| < €} of * with € < €
such that V2 f(x) is Lipschitz continuous on N(z*,€), i.c., there exists L(¢) such
that

IV27 (@) - V£ @)l < Lie)llz — yll, Yo,y € N(",e). (33)

Algorithm (A) generates an infinite sequence {x}. Then {xy} converges to x*
quadratically.

Proof. By Corollary 3.1, Lemmas 4.1 and 4.2, it follows that {z)} converges
to z* and there exists k' such that for all k > k', . € N(2*,¢), By = V2f(xy),
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and ap = 1. Let € = 21 — z*. By the mean value theorem we have
€hyl = Tpp1 — T

z, —x" +dp

ex — V2 f(xr) gk

= & —Vflx) gk —g%)

1
= € — V2f($k)_1/ sz(l‘* + teg)epdt
0

1
= sz(wk)*l[vzf(a:k)ek—/o V2 f(a* + teg)erdt]

1
0

= V() / (V2 f(an) — V2 (" + tex)Jexdt,

which and (33) imply that

1
lewsall = 193 [ 192 (@) = V21" +teu)ldte |
1
< IV @) [ 192 ) = V2 e+ te) it
1
< IV L@l [ 1= b

= IV L@ el

Therefore,

. llext1l] 1. 2 -1 1 2 *\—1
lim < - lim L \Y4 ==L \%
kl Heng =9 kl (G)H f('rk) || 9 (6)” f(l‘ ) H

which implies that {x} converges to z* quadratically.

5 Relationship with the Trust Region Method

The relationship between the new line search method and trust region method
will be revealed in this section.
In trust region method, we need to seek a solution to the subproblem

. 1
min my(p) = fr +ggp+ 50" Bep, st |pll < Ay, (34)
pER™ 2
where Ay, is a trust region radius. We define || - || to be the Euclidean norm, so that

the solution pj of (34) is the minimizer of m(p) in the ball with the radius Ag.
Thus, the trust region method requires us to solve a sequence of subproblems (34)
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in which the objective function and constraint (which can be written as p”p < AZ)
are both quadratic.

The first issue arising in defining a trust region method is the strategy for
choosing the trust region radius Ay at each iteration. Based this choice on the
agreement between the model my and the objective function f at the previous
iterations, we define the ratio

~ fr =[xk + pr)

" i 0) — ) .

the numerator is called the actual reduction and the denominator is the predicted
reduction. Since the step py is obtained by minimizing the model my, over a region
that includes the step p = 0, the predicted reduction will always be nonnegative.
Thus, if 74 is negative, then the new objective value f(xy + pi) is greater than the
current value fx, so the step must be rejected.

On the other hand, if r; is close to 1, there is a good agreement between the
model my and the function f over this step, so it is safe to expand the trust region
for the next iteration. If r; is positive but not close to 1, we do not alter the
trust region, but if it is close to zero or negative, we shrink the trust region. The
following algorithm describes the process.

Algorithm 5.1 (Trust Region)
Given A >0, Ag € (0,A), and p € [0, 1);
For £k =0,1,2,...
Obtain py by (approximately) solving (34);
Evaluate ry, from (35);
if rp < i
Apy1 = 5o

else
if r, > 3 and ||pi| = Ax
Ak+1 = min(2Ak7Z)
else
Apy1 = Ag;
ifry > p
Th+1 = Tk + Pk
else
Tht1 = Tk;
end(for).
Sometimes, we need not to solve (34) exactly, we may find pj, satisfying
o a L
my(0) — m(px) = c1l|grl| min(Ay, IIBkII)’ (36)
and
el < YAk, (37)

for vy > 1 and ¢; € (0,1].
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Indeed, the exact solution pj of (34) satisfies (36) and (37) ([3]).

Lemma 5.1([3]). Let x = 0 in Algorithm 5.1. Suppose that ||Bg| < 3 for
some constant 3, that f is continuously differentiable and bounded below on the
level set

Lo ={x € R"|f(z) < f(z1)},
and that all approximate solutions of (34) satisfy the inequalities (36) and (37) for
positive constants ¢; and . We then have

liminf ||gx|| = 0. (38)
k—oo

Lemma 5.2([3]). Let 4 € (0,1) in Algorithm 2.1. Suppose that || B[ < 3
for some constant 3, that f is Lipschitz continuously differentiable and bounded
below on the level set Ly and that all approximate solutions of (34) satisfy the
inequalities (36) and (37) for some positive constants ¢; and v. We then have

lim gyl = 0. (39)
k—o0
In the new Armijo search, if we set py = aidy then

Tk = fen1
i (0) = mapr) o)
and xpy1 = xx + pg is just an accepted iterative point in trust region method. It
is obvious that (40) coincides with the accepted condition in (8).

This ry is just the ratio of the actual reduction and the predicted reduction.
If the above relation holds then the new point Tp = x + pi is accepted both by
the new line search method and by the trust region method. Otherwise, we should
adjust step size in the new line search method or adjust the trust region radius in
the trust region method. In fact, if the new point Ty = xx + pi is rejected, we must
reduce the step size in the new line search method or reduce the trust region radius
in the trust region method. From this point of view, the trust region method and
line search method can be unified in a general form.

Tk =

6 Conclusion Remarks

In this paper we use the Armijo line search rule in a novel way and propose
a new line search method for unconstrained optimization problems. The global
convergence and convergence rate of the new method are analyzed under mild
conditions. Furthermore, each iterate generated by the new Armijo-type line search
is shown to be an approximate solution of the subproblem of a corresponding trust
region method, which reveals the relationship between line search method and trust
region method in some sense.

To put it in detail, if we let px = aid) in the proposed line search method then
we have the accepted condition

e — ok +pw)
9t + 3pF Brpe —

Tk =
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which is the same condition in the trust region method; vice versa, if xy + pg is
an accepted point in the trust region method then p; = aidy with a; = 1 must
satisfy the new Armijo search with p € (0,1/4). This implies that the new line
search method possess the advantage of the trust region method in some sense.
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