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Abstract The edge searching problem is to find the minimum number of searchers to capture an
intruder that is hiding on vertices or edges of a graph. A 3-cycle-disjoint graph is a connected graph
in which no pair of cycles share a vertex and every cycle has at most three vertices with degree
more than two. In this paper, we consider the edge searching problem on 3-cycle-disjoint graphs.
We propose a linear time algorithm to compute the edge search number and the optimal edge search
strategy of a 3-cycle-disjoint graph.
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1 Introduction

The edge searching problem is to find the minimum number of searchers to capture an
intruder that is hiding on vertices or edges of a graph. There are other searching models
besides edge searching, but in this paper we only consider the edge searching problem.
For this reason, we will use “search” instead of “edge search” for simplicity.

Let G be a graph with no loops or multiple edges. Initially, all vertices and edges of
G are contaminated, which means an intruder can hide on any vertices or anywhere along
edges. The intruder is invisible to all searchers and can slide along a path that contains
no searcher at a great speed at any time. There are three actions for searchers: (1) place a
searcher on a vertex; (2) remove a searcher from a vertex; and (3) slide a searcher along
an edge from one endpoint to the other. An edge uv in G can be cleared in one of the
following two ways by a sliding action: (1) two searchers are located on vertex u, and
one of them slides along uv from u to v; or (2) a searcher is located on vertex u, where all
edges incident with u, other than uv, are already cleared, and the searcher slides from u
to v. A search strategy is a sequence of actions designed so that the final action leaves all
edges of G cleared. The minimum number of searchers required to clear G is called the
search number of G, denoted by s(G).

Megiddo et al. [5] showed that determining the search number of a graph is NP-hard.
The search number is closely related to the vertex separation. Ellis et al. [3] proposed an
algorithm to compute the vertex separation of a tree in O(n) time. Ellis and Markov [4]
gave an O(nlogn) time algorithm to compute the vertex separation and the corresponding
optimal layout of a unicyclic graph.

Bodlaender and Kloks [1] gave a polynomial time algorithm for computing the path-
width of a graph with constant treewidth. Since the search number of a graph equals the
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pathwidth of its 2-expansion [3], we know that the search number of a graph with constant
treewidth is polynomial time computable. However, the exponent in the running time of
this algorithm is very large. Even for a graph with treewidth two, it takes at least Q(n'!)
time. Yang et al. [6] improved Ellis and Markov’s algorithm [4] from O(nlogn) to O(n)
for computing the vertex separation and the optimal layout of a unicyclic graph. They
showed how to compute the search number of a k-ary cycle-disjoint graph. They also
investigated approximation algorithms for edge searching on cycle-disjoint graphs.

All graphs in this paper are finite with no loops or multiple edges. A graph G is called
a cycle-disjoint graph (CDG) if it is connected and no pair of cycles in G share a vertex.
If every cycle of a CDG G has at most three vertices with degree more than two, then we
call G a 3-cycle-disjoint graph (3CDG). If a vertex or an edge is on a cycle of G, it is
called a cycle vertex or a cycle edge respectively.

The motivation of this paper is to find an efficient algorithm for computing the search
number of a graph with treewidth two. We have successfully found an O(n) time algo-
rithm for a unicyclic graph [6]. We now try to extend this algorithm to CDGs. However,
we will see that the necessary structural information of CDGs is much more complicated
than that of unicyclic graphs. In this paper, we extend the labeling method used in [3]
and propose a linear time algorithm to compute the search number and the optimal search
strategy of a 3-cycle-disjoint graph.

2 Structures of cycle-disjoint graphs

For two graphs G and H, the union of G and H, denoted by GU H, is the graph with
vertex set V(G) UV (H) and edge set E(G) UE(H). If H is a small graph that consists of
only one or two edges, we may use GUE(H) to represent GUH.

A rooted CDG is a connected CDG with one vertex designated as the root of the graph.
Let GJr] be a rooted CDG with root r. We first define that each vertex of G[r] except r
is a descendant of r. For any edge uv that is not on a cycle, the graph G[r] — uv has two
connected components. If # = r or u and r are in the same component, then we say that v
is a child of u, and each vertex that is in the same component as v is called a descendant
of u. Note that there is no parent-child relationship among vertices in the same cycle. If v
is the child of u, then we orient this edge with the direction from u to v and the oriented
edge is denoted by (u,v). For any cycle viv,...vgvy in G[r], if v{ has an incoming edge
(u,v1) in G[r] or vi = r, then v; is referred to as the entrance-vertex of the cycle. For any
vertex v of G[r], the subgraph induced by v and all its descendant vertices is called the
vertex-branch of v, denoted by G[v]. G[r] can be considered as a vertex-branch of r. For
any directed edge (u,v) of GJr], let G, be the connected component of G[r] — (u,v) that
contains v. The graph G, U {(u,v)} is called the edge-branch of the directed edge (u,v),
denoted by G[uv]. We also say that G[uv] is an edge-branch of u. Edge-branch is only
defined for non-cycle edges since only these edges are oriented.

In our labeling process, we assign proper labels to all vertices, non-cycle edges and
cycles of a rooted CDG G[r]. The label of a vertex v, non-cycle edge e or cycle C in
G|r] records the necessary structural information of G[v], Gle] or G[C], respectively. Intu-
itively, a label is a sequence of elements (s ,s7,...s%), where each element s/ consists
of a positive integer s; and a superscript #;, where 0 < #; < 5. Let G| be G[v] (similarly,
Gle] or G[C]) and s be the search number of Gj. If G| has two edge disjoint subgraphs
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Figure 1: five typical critical structures of G;

(they may share a vertex) such that each of them has search number s(G ), then we say
G is critical and G1 must be one of the five typical structures illustrated in Figure 1 and
t1 indicates which structure it is. If Gy is not critical, then we say G is non-critical and
t; = 0. When G is critical, according to its type of structure, we can obtain a correspond-
ing reduced graph G; by deleting some vertices from Gj. s, is the search number of G,
and 7, indicates the structure of G,. Continue this procedure until the reduced graph is
non-critical or empty. The precise definition of a label is given as follows.

Definition 1. Let G[r] be a rooted 3CDG, the label of a vertex v (resp. non-cycle edge
e or cycle C) in GJr], denoted by L(v) (resp. L(e) or L(C)), is defined as a sequence of
elements (s}, 57, ...s™). Each element 57 consists of a positive integer s; and a superscript
ti, where 0 <y, <5. If t;, = 0, we call si." a non-critical element; otherwise, we call it a
s;-critical element of type-t;. The value of s, denoted by |s¥|, is the positive integer s;.
The value of L(v) (resp. L(e) or L(C)), denoted by |L(v)| (resp. |L(e)| or [L(C)|), is the
value of its first element 5. L(v) (resp. L(e) or L(C)) satisfies the following conditions.
1. s1>s2>...> s, and only the last element s can be non-critical.

2. Gy is G|v] (resp. Gle] or G[C]), and for 2 < i < m, G; is defined as a graph obtained from G;_ according
to t;_1, see condition 3 for details.

3. If m> 1, thenfori=1,2,...,m— 1, we have 5; = s(G;), ; > 0 and
(a) if #; = 1, there exists a non-cycle vertex v; in G; and v; has two outgoing edges e; and e, such

that s(Gle1]) = s(Glea]) = si. Gi+) is defined as the graph obtained by deleting all the vertices of
G[vi] except v; from G;.
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(b) if2 <1; <5, there exists a cycle C; = zz1x1xx2y1yy2227 (see Figure 1) in G;. Let z be the entrance-
vertex of G, let X be G[x] U {xx1,xx2}, Y be G[y]U{yy1,yy2}, and Z be G[z]U{zz1,222}. Assume
s(X) > s(Y), then we have

* if ; = 2, z has two outgoing edges e; and e, such that s(Glei]) = s(Glez]) = si. Git1 is
defined as the graph obtained by deleting all vertices of G[C;] except z from G;.

o if; =3, s(XUY U{x2y1}) = s; and z has one outgoing edges e; such that s(Gle{]) = s;.
Gi is defined as the graph obtained by deleting all vertices of G[C;] except z from G;.

« if f; = 4, x has two outgoing edges e, and e, such that s(Gle1]) = s(Glez]) = si. Gz is
defined as the graph obtained by deleting all the vertices of G[x] except x from G;.

o ift; =5,5(X) =s(Y) =si. Giz1 is defined as the graph obtained by deleting all vertices of
Gx] except x and all the vertices of G[y] except y from G;.

4. S(Gm) =58m, 0<t, <3 and

(a) if t,, = 1, L must be the label of a vertex v, and v has two outgoing edges e; and e, such that
s(Gle1]) = s(Glez]) = sm.

(b) if 2 <1, <3, L must be the label of a cycle C = zz1x1xx2y1yy222z (see Figure 1). Let z be the
entrance-vertex of C, let X be G[x]U{xx|,xx2}, Y be Gly]U{yy1,yy2}, and Z be G[z]U{zz1,222 }-
Assume s(X) > s(Y), then we have

« if #; = 2, z has two outgoing edges e; and e, such that s(Gle;]) = s(Glez]) = sim.
e iff; =3, s(XUY U{x2y1}) = si and z has one outgoing edges e; such that s(G[e1]) = sy.

For the first element s of L(v) (resp. L(e) or L(C)), if #; > 0, G[v] (resp. Gle] or
G[C)) is said to be s-critical of type-t|, and the corresponding vertex v; or cycle Cj is
called the s;-critical vertex or si-critical cycle in G[v] (resp. Gle] or G[C]).

3 Linear time algorithm

Let S be a monotonic search strategy for a graph G and v be a vertex in G. During
the procedure of performing S on G, if a searcher is placed on v and this searcher is never
removed from v until G is cleared, then we say that S ends at v; if a searcher is placed
on v in the first action of § and this searcher will never been removed from v until all the
edges incident with v are cleared, then we say that S starts from v.

For simplicity, we will use a normalized 3CDG as the input of our algorithm. For
each cycle C in a 3CDG, let x, y and z be the three vertices with degree more than 2. Note
that there may not be three vertices each of which has degree more than 2 and in this case,
we will choose the degree-two cycle vertex. Recall that there are at least 3 vertices in
each cycle since we require that all the graphs in this paper are finite without loops and
multiple edges. Replace each of x ~ y, y ~ z and z ~ x by a path of length three such
that C = zz1x1xx2y1yy2222 (see Figure 2). This procedure takes O(n) time. Notice that the
search number of the normalized 3CDG equals the search number of the original graph.

The following algorithm SEARCHNUMBER-3CDG computes the labels of vertices,
non-cycle edges and cycles in a rooted 3CDG G[r| by the labeling method. We can
construct the corresponding optimal search strategy based on these labels.

Algorithm SEARCHNUMBER-3CDG(G[r])
Input: A rooted 3CDG GIr].
Output: Labels of all vertices, cycles and non-cycle edges.

1. Assign label (0°) to each leaf (except r if r is also a leaf), (1°) to each pendant edge and (2°) to each
pendant cycle in G[r].
2. If r is labeled, then return labels of all vertices, cycles and non-cycle edges in G[r|.

3. - For each vertex v whose all out-going edges have been labeled, compute the label L(v).
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Figure 2: normalization of 3CDG

- For each cycle C in which all the vertices with degree more than two have been labeled, compute
the label L(C).

- For each non-cycle edge (u,v), if v is on a labeled cycle or if v is a labeled non-cycle vertex, then
compute the label L(uv).

- Goto Step 2.

We now consider how to compute the label of a vertex v when the labels of all its
outgoing edges are known. Suppose v has d children, v, ...,vy. For 1 <i<d,let L(vv;)

tji

be the label of (v,v;) that contains m; elements. For 1 < j <myj, s ii is the j-th element in

L(vv;). Here we use additional subscripts in s; and ¢; to indicate whose label it belongs to,

ie., L(vw;) = (stlll’ , 9;21’, . S‘ZZ’;) Then we have a graph G,,,, ; that is defined in Definition I,
where G[vv;] and G;ﬁ,-,i correSpond to G1 and G, respectively. Let G be the union of all
Gy,;i» for 1 <i<d. Let Ly be a multiset that contains all non-critical elements of each
L(vv;), 1 <i<d. We can compute the label of v in Gy[v], denoted by L,, from Ly (we
omit the details due to the space limit). After obtaining the label L, of v in Go[v], we
merge L, with all critical elements of L(vv;), for 1 <i < d, which can be done by function
MERGELABEL-VERTEX. The output of this function is the label of v in G[r].

Function MERGELABEL-VERTEX(L,Ly,...,Ly,L,)
Input: Ly,Ly,...,Ly and L,, where L; is the label of the i-th outgoing edge of v, for 1 <i <d, and L, is the label
of v in Go[v] that contains only one element.
Output: The label of v in G[r].
1. Set o < the only element of L,.
2. Let w be the value of the largest repeated critical elements in the labels Ly, Ly, ...,Ly.
/* Two critical elements are repeated if they have the same value */
3. if |a| <w+1, then o = (w+1)°.
4. Let L be a sequence containing all the critical elements of L;,L,,...,L; with value larger than or equal
to |-
5. Set h < the value of the last element in L;
if 1 > || then return L(v) o (¢t);
else update L by deleting its last element;
Set & + (|a| +1)°;
Go to Step 5.

We now consider how to compute the label of a cycle C when we know the labels of
all the three cycle vertices with degree more than 2.

Let C = zzjx1xx2y1yy2222 be a cycle in a rooted 3CDG G[r] and z be the entrance-
vertex of C. Suppose L(x), L(y) and L(z) are the labels of x, y and z respectively. Let X
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be G[x] U {xx1,xx2}, Y be Gly]U{yy1,yy2}, and Z be G[z] U{zz1,2z2}. By using function
MERGELABEL-VERTEX to merge L(x) (resp. L(y) or L(z)) with (1), we can obtain
the label of x (resp. y or z) in X|[x] (resp. Y[y] or Z[z]), denoted by L, (resp. Ly or L;).
L, = (stf; , sg';, .. .SZ,”;’;). Then we have a graph G, that is defined in Definition 1, where
X[x] and G,,,X',X correspond to G and G, respectively. Similarly, we have G,y and Gy, .
Let Go = Gy, x UGy y U Gy UC. We can compute the label of C in Gylz], denoted by

tmx X tmy 5y tmz 4

Lc, from sp)%x,Smy,Sm, - (we omit the details due to the space limit). After obtaining
the label L¢ of C in Gylz], we will use the following function MERGELABEL-CYCLE to
merge Lc with the three labels L, —ay, Ly — ay and L, — az. The output of this function
is the label of C in G[r].

Function MERGELABEL-CYCLE(Ly, Ly, L;,Lc)
Input: Ly,Ly,L; and Lc, where L, (resp. Ly or L;) is the label of x (resp. y or z) in X[x] (resp. Y[y] or Z[z])
without the last element and Lc is the label of C in Gy [z].
Output: The label of C in G[r].
1. Set o < the first element of L¢, g < |Lc¢|.

2. Letw be the value of the largest repeated critical element of the input labels Ly, Ly and L,. /* Two critical
elements are repeated if they have the same value */

3. if |a| <w+1, then o = (w+1)°.

4. Let L be a sequence containing all the critical elements of Ly, L, and L, with value larger than or equal
to |-

5. Set h + the value of the last element in L;
if h > || then if || = ¢ then return L(v) o L¢;
else return L(v) o (a);
else update L by deleting its last element;
Set o + (|a| + 1)
Go to Step 5.

Let G[r] be a rooted 3CDG and (u,v) be a non-cycle edge in G[r]. If v is on a labeled
cycle or v is a labeled non-cycle vertex, then function EDGELABEL computes the label of
(u,v) in G[r], denoted by L(uv).

Function EDGELABEL(G[uv])
Input: The label of v, denoted by L.
Output: The label of the edge (u,v).

1. Let p be the last element of L.

2. if p is not critical, then return L.

3. if p is critical with value larger than 1, then return Lo (1°).

4

. if p is critical with value 1,
then ¢ is the smallest positive integer such that no element in L has value g;
Update L by deleting all the elements with value less than g;
return Lo (¢°).

4 Correctness and time complexity

Lemma 1. Function MERGELABEL-VERTEX outputs the label of a vertex in G[r].
Based on Lemma 1 and the discussion in Section 3, we have the following lemmas.

Lemma 2. Function MERGELABEL-CYCLE outputs the label of a cycle in Glr].

Lemma 3. Function EDGELABEL outputs the label of a non-cycle edge in Glr].
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From Lemmas 1, 2 and 3, SEARCHNUMBER-3CDG can compute the labels of each
vertex, cycle and non-cycle edge. In the rest of this section we will analyze the time
complexity of this algorithm.

We introduce a data structure used in [3] that compresses the label representation.
For a sub-list of value consecutive critical elements in a label, we use an interval to
represent them. For example, the label (9'1,82,7%, 6", 55 3% 27 19) is represented as
((9,5),(3,2),1°. Note that the non-critical element is not put into any interval. The
benefit of this representation is to improve the label merging operation. For example, if
we want to merge label (91,82 7% 64,55, 3% 27 10) with (5%), we can obtain the result
(10%) in one step by using this compressed representation.

Lemma 4. The time complexity of function EDGELABEL is O(1) with the compressed
label representation.

Lemma 5. The time complexity of function MERGELABEL-VERTEX is O(|Lz| + d),
where Ly is the second largest label among L1,L,, ... L,.

Proof. Lines 1 and 3 take constant time. Line 5 also takes O(1) time by using the same
technique as in function EDGELABEL. We now consider the time complexity of Lines 2
and 4.

For 1 <i<d, suppose that |L;| > |Ly| > |L;| for 3 < i < d. In order to achieve
O(|L2| +d) time for MERGELABEL-VERTEX, we first merge part of L; with all the other
labels and then merge the result with the rest of L;. Replace Line 2 by the following
fragment.

2.1 Setw « 0, and remove elements with value less than or equal to |L,| from L; and put them into Y.

2.2 fori=2tod, do
for j =1to m;, do
/* L; contains m; critical elements and let s; be the j-th largest one in L;. */
if no element in Y has value |s;],
then put s; into Y;
else if |s;| > w, then w = |s;];
break the inner for loop;
2.3 Delete all elements with value less than or equal to w from Y.

2.4 Represent Y by the compressed form.

Line 2.1 takes O(]L;|) time. In Line 2.2, each time when we check an element, we
either add it into Y or finish checking the label that contains it. The size of ¥ is at most
|Ly| and there are d labels. Thus, Line 2.2 takes O(|Ly| +d) time and Lines 2.3 and 2.4
take O(|L,|) time. Hence, the time complexity of Line 2 is O(|L,| +d).

After the execution of this fragment, w is the value of the largest repeated critical
elements in Ly,L,,...,L; and Y contains all the critical elements with value less than or
equal to |L,| and larger than w (if there is no such element, Y is empty). Consider the
following two cases regarding the value of « after Line 3.

CASE 1. |a| > |Lp|+ 1. Then critical elements with value larger than or equal to ||
can only appear in L;. Let L be L; and Line 4 takes O(1) time.

CASE 2: |ot| <|Ly|+ 1. Let L= L; oY and delete all elements in L with value smaller
than |o|. Line 4 takes O(|L|) time.

Therefore, the time complexity of MERGELABEL-VERTEX is O(|L,| +d). O
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Similarly to Lemma 5, we have the following lemma.

Lemma 6. The time complexity of function MERGELABEL-CYCLE is O(f), where B is
the value of the second largest label among L,,Ly and L.

Lemma 7. [Ifafunction f(n) is defined on the positive integers by the recurrence equation

c, n = ],27
f(n)=4q f(m1)+c, k=1,n>3,
maxy{Xi_; f(mi)+c([logmy] +k)}, k>2,n>3,

where M = {(mi,my,...,my) :my >my > ---my > 1,and ):Z-‘Zlmi =n—2},andc>1is
a constant, then f(n) is O(n).

In algorithm SEARCHNUMBER-3CDG, we use f(G[v]) to denote the time used to
compute the label of vertex v and use f(G[C]) to denote the time used to compute the
label of cycle C. Then we have

F(GP]) = F(Gvwi]) + f(GDwa]) + -+ + f(Glwal) + O(s(GDwa]) + d),

where v has d edge-branches and G[vv;] is the second largest edge-branch according to
their search numbers. We also have

f(GC)) = F(GIx]) + f(GD]) + f(G[z]) + O(s(G™)),

where x, y and z are the three vertices on C with degree more than 2, and G* is one of
G[x], G[y] and G[z] that has the second largest search number.

Theorem 8 follows from Lemma 7.

Theorem 8. For a rooted 3CDG GIr], algorithm SEARCHNUMBER-3CDG computes
the labels of all vertices, cycles and non-cycle edges in O(n) time.

Finally, we can construct an optimal search strategy in linear time as well. We omit
the details due to the space limit.

Theorem 9. Let G[r] be a rooted 3CDG. If the labels of all vertices, cycles and non-cycle
edges are known, then we can construct an optimal search strategy for G in O(n) time.
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