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Abstract A multi-agent system (MAS) is a system composed of multiple interacting intelligent
agents. Over the past few years, the consensus (or synchronization) of MAS has received an in-
creasing attention in various disciplines. It is well known that Vicsek model is a classical model
for describing the collective behaviors of MAS. This paper further investigates the consensus of a
modified time-delayed Vicsek model. It should be especially pointed out that the common connec-
tivity assumption for the consensus of MAS has been removed in this paper. Moreover, two simple
consensus criteria are then attained for the consensus of a modified time-delayed Vicsek model.
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1 Introduction
It is well known that a multi-agent system (MAS) is a system composed of multiple

interacting intelligent agents [1-13]. Consensus is a typical kind of collective behavior and
a general agreement among all group members of a given community. Over the past few
years, the consensus (or synchronization) of MAS has received an increasing attention in
various disciplines [2, 4, 12, 13].

To characterize the collective behavior of MAS, many mathematical models have
been introduced over the last three decades, including Boid model [2], Vicsek model
[1], Couzin-Levin model and its modified model [12]. One typical kind of interesting
collective behavior of the above models is that they can reach consensus via the local in-
teractions among agents. Recently, some interesting results are reported on the consensus
of Vicsek model and its variants [3, 4, 6, 8, 9, 11]. It should be especially pointed out
that most of the above results are obtained based on the common connectivity assumption
[3, 4, 6, 8, 9]. In 2003, Jadbabie and his colleagues further investigated the consensus of
a linearized Vicsek model under the condition of the connectivity assumption [4]. How-
ever, the connectivity is not a necessary condition for the consensus of the original Vicsek
model. Therefore, a natural challenging question is “Can we attain some simple consen-
sus criteria for a MAS without the connectivity assumption?”
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In 2007, Liu and Guo further studied the connectivity and synchronization of Vicsek
model [3]. Their results show that the connectivity and consensus of MAS can be re-
alized simultaneously when the common velocity of all agents is less than some given
constant [3]. Following this line, the current paper obtained two simple consensus criteria
based on the consensus of a modified time-delayed Vicsek model without the connectivity
assumption.

The left paper is then organized as follows. Section 2 describes the consensus problem
of MAS. The main results are deduced in Section 3. Section 4 gives a simple example.
Finally, some concluding remarks are drawn in Section 5.

2 Formulation of the Problem
To begin with, it is necessary to briefly review Vicsek model. In 1995, Vicsek in-

troduced a simple mathematical model to describe the collective behaviors of multiple
autonomous particles [1].

Suppose that there are N autonomous particles moving on a plane, denoted by V =
{1, 2, ..., N}. At time t, the heading angle and position of the ith particle are described by
θi(t) and (xi(t), yi(t)), respectively. For the ith particle, let Ni(t) = { j ∈ V : di j(t) < r},
where di j(t) =

√
(xi(t)− x j(t))2 + (yi(t)− y j(t))2. Hereafter, Ni(t) is called the neigh-

boring region of the ith particle. Assume that each particle only gets information from the
neighboring particles within its neighboring region.

Naturally, all connections among these N particles form a graph. Denote Et = {(i, j) :
j ∈ Ni(t)}, then Gt = {V ,Et} is the graph generated by the neighboring edges.

According to [1], the position and heading angle of the ith particle are updated by the
following simple rules

xi(t +1) = xi(t) + vcosθi(t), (1)
yi(t +1) = yi(t) + vsinθi(t), (2)

θi(t +1) = arctan
∑ j∈Ni(t) sinθ j(t)

∑ j∈Ni(t) cosθ j(t)
. (3)

Hereafter, the consensus or synchronization is defined by lim
t→∞

∣θi(t) − θ j(t)∣ = 0 for
any i, j ∈ V . According to [1], all particles can reach consensus or synchronization under
the condition of high density and low noise.

It is well known that it is very difficult to theoretically analyze Vicsek model because
of the nonlinearity in (3). To simplify Vicsek model, Jadbabie and his colleagues proposed
the following linearized Vicsek model [4]:

θi(t + 1) =
1

ni(t)
∑

j∈Ni(t)
θ j(t), (4)

where ni(t) is the number of neighboring particles in Ni(t).
In [3], Liu and Guo introduced the following interesting propositions.

Proposition 1.
For the Vicsek model (1)-(3), let θi(0)∈ (−π

2 ,
π
2 ) with i∈V = {1,2, ...,N}, and the initial
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neighbor graph G0 = {V ,E0} be connected. Then all headings of the system (1)-(3) will
synchronize, if the absolute velocity v satisfies:

v ≤ d
∆0

(
cos θ̄

N
)N ,

where

θ̄ = max
i∈V

∣θi(0)∣, d = r− max
(i, j)∈E0

di j(0), ∆0 = max
i, j

{tanθi(0)− tanθ j(0)} .

Similarly, for the linearized Vicsek model (4), they attain the corresponding results as
follows [3].

Proposition 2.
For the linearized Vicsek model (1), (2) and (4), let θi(0) ∈ [0,2π) and the initial neigh-
boring graph be connected. Then all headings will synchronize if the absolute velocity v
satisfies:

v ≤ d( 1
N )

N

2π
,

where d is given in Proposition 1.

It is well known that the time delay is ubiquitous in various information systems, such
as MAS. Hereafter, a modified time-delayed Vicsek model is described by (1), (2) and

θi(t +1) = arctan
∑ j∈Ni(t) sinθ j(t − τ i

j(t))

∑ j∈Ni(t) cosθ j(t − τ i
j(t))

. (5)

And its corresponding linearized updating rule is given by

θi(t +1) =
1

ni(t)
∑

j∈Ni(t)
θ j(t − τ i

j(t)). (6)

where τ i
j(t) is the transmission time delay from particle j to i. Moreover, τ i

j(t) is a time-
varying function.

In the following, we will further investigate the consensus of a modified time-delayed
Vicsek model (1), (2), (5) and its corresponding linearized model (1), (2), (6), respectively.

3 Main Results
To begin with, a key lemma is firstly introduced for the proof of the following main

theorems.

Lemma 1.
Consider N coupled sequence {xi(t)} satisfying xi(t +1) = ∑ j∈Ni(t) ai j(t)x j(t − τ i

j(t)). If

i) G (A(t)) is always connected;
ii) 0 ≤ τ i

j(t)< B for any i ∕= j with some integer B > 0;
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iii) τ i
i (t) = 0 for any i ∈ V ;

iv) ai j(t)≥ α for some α ∈ (0,1) when j ∈ Ni(t);
v) ∑ j∈Ni(t) ai j(t) = 1 for any i ∈ V and t ≥ 0;

vi) i ∈ Ni(t) for any i ∈ V .

Let

∆t = max
i∈V ,t−B<τ≤t

xi(τ) − min
i∈V ,t−B<τ≤t

xi(τ).

Then, one gets

∆kNB ≤ (1−α(N+1)B)k∆0.

Theorem 1.
Consider the modified time-delayed Vicsek model (1), (2), (5). If

i) There exists an integer B > 0 satisfying 0 ≤ τ i
j(t) < B for any i ∕= j and τ i

i (t) = 0
for any i ∈ V ;

ii) The initial graph G0 = {V , E0} is connected and the absolute velocity v satisfies
the following condition

v <
d

∆θ
0 (1 + NBα−(N+1)B)

, (7)

where

d = r− max
(i, j)∈E0

di j(0),

∆θ
0 = max

i, j∈V ,−B<τ1,τ2≤0
{tanθi(τ1)− tanθ j(τ2)},

α =
cos(maxi∈V ,−B<τ≤0 ∣θi(τ)∣)

N
.

Then, all headings of the modified time-delayed Vicsek model can realize synchronization.

Proof: Let

θ M(t) = max
i∈V ,t−B<τ≤ t

θi(τ), θ m(t) = min
i∈V ,t−B<τ≤ t

θi(τ), ∆θ
t = tanθ M(t)− tanθ m(t).

One has
√

(cosθi(t)− cosθ j(t))2 +(sinθi(t)− sinθ j(t))2 = 2∣sin
θi(t)−θ j(t)

2
∣. (8)

According to (8), for any i, j ∈ V , one gets

di j(t +1) = {(xi(t)− x j(t)+ v(cosθi(t)− cosθ j(t)))2 +

(yi(t)− y j(t) + v(sinθi(t)− sinθ j(t)))2} 1
2

≤ di j(t)+2v ⋅ ∣sin
θi(t)−θ j(t)

2
∣

≤ di j(t)+ v ⋅ ∣θi(t)−θ j(t)∣
≤ di j(t)+ v ⋅ (θ M(t)−θ m(t)).
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On the other hand, since f (x) = tanx − x is monotonous increasing on (−π
2 ,

π
2 ), then

one has

tanθ m(t) − θ m(t)≤ tanθ M(t) − θ M(t).

That is,
θ M(t)−θ m(t)≤ ∆θ

t .

Thus one attains

di j(t +1)≤ di j(t)+ v ⋅∆θ
t . (9)

The updating rule (5) can be simplified into the following form:

tanθi(t +1) = ∑
j∈Ni(t)

cosθ j(t − τ i
j(t))

∑k∈Ni(t) cosθk(t − τ i
k(t))

tanθ j(t − τ i
j(t)).

Denote

xi(t) = tanθi(t), ai j(t) =
cosθ j(t − τ i

j(t))

∑k∈Ni(t) cosθk(t − τ i
k(t))

.

Then (5) has the following form:

xi(t +1) = ∑
j∈Ni(t)

ai j(t)x j(t − τ i
j(t)).

Therefore, θ M(t) is non-increasing and θ m(t) is non-decreasing.
Moreover, one gets

ai j(t)≥
cos θ̄

N
= α

for all t ≥ 0 and j ∈ Ni(t), where θ̄ = max{∣θ M(0)∣, ∣θ m(0)∣}.
According to (9), combined with the monotony of ∆θ

t , one has

di j(t +1)≤ di j(0)+(t +1)v∆θ
0 .

Furthermore, from the assumptions of this theorem, one gets

di j(t + 1) < r

for 0 ≤ t < NB.
Hence, the connectivity of all particles in the time-delayed Vicsek model is guaranteed

for 1 ≤ t ≤ NB.
Next, one only needs to prove di j(t) < r for any (k−1)NB + 1 ≤ t ≤ kNB and k > 0.
When k = 1, the above condition naturally holds from the above discussion.
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When k > 1, suppose that all cases hold for i = 1, ⋅ ⋅ ⋅ , k. Thus, one has

di j(kNB+1) ≤ di j(0)+ v
kNB

∑
t=0

∆θ
t

≤ di j(0)+ v∆θ
0 + vNB

k−1

∑
s=0

∆θ
sNB.

For the case of (k + 1), according to Lemma 1, let β = 1 − α(N+1)B, then there is
∆θ

sNB ≤ β s∆θ
0 for 1 ≤ s ≤ k. When kNB+1 ≤ t ≤ (k+1)NB, one gets

di j(t) ≤ di j(kNB+1)+(t − kNB−1)v∆θ
kNB+1

≤ di j(0)+ v∆θ
0 + vNB∆θ

0 (1+β + ...+β k−1)+(t − kNB−1)v∆θ
kNB+1

≤ di j(0)+ v∆θ
0 + vNB∆θ

0 (1+β + ...+β k)

< di j(0)+ v∆θ
0 (1+ vNB

1
1−β

)

≤ r .

Therefore, the connectivity can be guaranteed for kNB+1 ≤ t ≤ (k+1)NB. That is,
the case of (k + 1) holds. And the connectivity can be guaranteed for any t ≥ 0.

According to Lemma 1, one has

lim
t→∞

∣ tanθi(t)− tanθ j(t)∣ = 0

for any i, j ∈ V . Since θi(t) ∈ (−π
2 ,

π
2 ), then one gets

lim
t→∞

∣θi(t)−θ j(t)∣ = 0 .

Thus all headings of particles can reach consensus. ■
Theorem 2.
Consider the corresponding linearized time-delayed Vicsek model (1), (2), and (6). De-
note θi(0) ∈ [0,2π). Suppose that

i) There exists an integer B > 0 such that 0 ≤ τ i
j(t) < B for any i ∕= j and τ i

i (t) = 0
for any i ∈ V ;

ii) The initial graph G0 = {V , E0} is connected and the absolute velocity v satisfies
the condition

v <
d

2π(1+N(N+1)B+1B)
.

Then the headings of all particles can realize synchronization.

Here, the main idea and techniques for the proof of Theorem 2 are totally similar to
those of Theorem 1. Therefore, the proof of Theorem 2 is omitted.
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Figure 1: The trajectory of agent 1.
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Figure 2: The trajectory of agent 2.
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Figure 3: The trajectory of agent 3.

4 An Example
Consider 3 autonomous agents moving on the plane, labelled from 1 to 3. The ini-

tial positions of these agents are described by (x1(0),y1(0)) = (0,1), (x2(0),y2(0)) =
(0,−1), (x3(0),y3(0))= (1,0) .And their initial headings are given by θ1(0)= π

6 , θ2(0)=
−π

6 , θ3(0) = π
3 , θ1(−1) = π

7 , θ2(−1) =−π
7 , θ3(−1) =− 4π

9 .

For simplification, let B = 2 and r = 1.7, then τ i
j ∈ {0, 1}.

According to Theorem 1, one has

v <
d

∆θ
0 (1 + NBα−(N+1)B)

= 5.6734×10−12 .

Choose v = 5.0×10−12. Then the trajectories of 3 agents are drawn in Figs. 1-3.

5 Concluding Remarks
This paper has further investigated the consensus of a modified time-delayed Vicsek

model and attained two simple consensus criteria. It should be especially pointed out that
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the common connectivity assumption has been removed in the above proposed consensus
criteria. Moreover, it is necessary to develop an effective distributed algorithm to maintain
the connectivity of the dynamic graph of MAS in the near future.
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