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Abstract—In this paper, we investigate a class of virus
dynamics model with intracellular delay and nonlinear infection
rate of saturated functional response. The basic reproduction

number R, for the viral infection is derived, and the global

dynamics behavior are completely determined by R;. By constr-
ucting suitable Lyapunov functional and using LaSalle invariant
principle for the delay differential equations, we find when
R, <1, the infection-free equilibrium is globally asymptotically

stable, and when R; >1, the infection equilibrium is also globally
asymptotically stable .
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I. INTRODUCTION

Hepatitis B virus (HBV) infection is a significant public
health problem which may lead to chronic liver disease,
cirrhosis, and hepatocellular carcinoma (HCC). It is reported
that some 2 billion people have been infected with the virus,
with 5 million new cases every year, which means a major
challenge to global public health [1-2]. Currently, about 350
million people worldwide live with chronic HBV infection [3].

Mathematical models are often wused to interpret
experimental and clinical results of (anti-) HIV, HBV and HCV
infections [4, 5, 6, 7, 8]. A basic viral infection model [5, 7] has
been widely used for investigating the dynamics behavior of
infections agents such as HBV, Hepatitis C virus (HCV),
which has the following forms:

X=A—-dx— pBxv

y = pxv-ay
vV =Kky—uv

(1.1)

where x, y and vare numbers of uninfected(susceptible) liver
cells, infected liver cells and free virus, respectively. And
uninfected cells are produced at a constant rate A, die at a
density-dependent rate dx, and become infected with a rate
pxv ; infected cells are produced at rate gxv and die at a
density-dependent rate ay ; free virus particles are released

from infected cells at a rate ky and die at a rate v .
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In the model (1.1), the basic infection reproductive number
of model is R,=Apk/adu , which has been pointed
unreasonable when used for HBV infection model [9]. Paper
[9] used standard incidence Bvx/(x+y)to take the place of
the bilinear mass action incidences gvx in model (1.1) and the
corresponding  basic  infection  reproductive = number
R,=pk/aux is more reasonable. However, Yu Ji [10]
pointed that at the beginning of the infection, the amount of
virus is relatively small compared with uninfected cells, and
the infection rate should be direct proportional to the viral load
which can be represented as Bv . Then, along with the rapid

increase of viral load and the decrease of uninfected cells, the
infection will reach saturated state, and the infection rate
Bxv/(x+v) should be reasonable. The model given by Yu Ji

[10] has following form:

%(t) = 4 — dx(t) - 2XOVO
X(t)+v(t)
. x(t)v(t
y(t) = M_ ay(t)
x(t) +v(t)
v(t) = ky —uv(t)

The above model has the same basic infection reproductive
number of R,=pk/ax as the model in paper [9], which
shows the saturated infection rate Sxv/(x+v) can also be used
for HBV infection.

(1.2)

On the other hand, as shown in paper [11, 12], we should
take into account the latently infected cells (such cells contain
the virus but are not producing it) and the actively infected
cells (such cells are producing the virus). So the time delays
can not be ignored in virus infection models. Based on standard
incidence, Stephen A. Gourley, Yang Kuang and John D.
Nagy [13] gave a delay virus infection model as following,
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x(t)= 4 - dx - —2YOXO__
X(t) + y(t) +e(t)
L AOX(t) e Bt-n)x(t-7)
4t =—de(®)+ xO+y®re®) xt-o)+yt-o)+et—r) 13)

§(t) = e pu(t—7)x(t-7) B

Xt-7)+y(t-7)+e(t—7)
v(t) =ky(t) — uv(t)
where x(t) represents the number of uninfected cells, y(t)
represents the number of infected cells, e(t) represents the
number of latently infected cells, and v(t) represents the

number of free virions. zis the time for the latently infected
cells to become productive.

Yang Kuang [13] didn’t give full analysis of (1.3) and only
prove the global asymptotically stability of the infection-free
equilibrium and the infection equilibrium of the following
simplified the model [14]:

§(0) = 4 — di—LYOXO
H(x() +y(1)

BRyOx() e Bkyt—o)x(t—7)
px®+y®)  pxt-7)+y(t-1))
_ e pky(t-)x(t-7) ay(t)

ux(t-7)+y(t-1))
Based on above discussions, in this paper, we set up a new

HBYV infection delay model with saturated infection rate
Bxv/(x+v):

é(t) = —de(t) + (1.4)

y(®)

X(t) = 4 — dx(t) - Xﬂ( f)(?‘\’/((tt))

Bxv(t) e Bx(t-r)v(t-1)

xO)+V({O)  xA—7)+v(t—7)

2(t) = e Ax(t—T)v(t-17)
Xt-7)+v(t-17)

v(t) = kz(t) — bv(t)

y() = - py(t) (1.5)

—az(t)

where x(t), z(t) and v(t) represent the number of uninfected
cells, infected cells and free virus, respectively. y(t) represents

the number of the latently infected cells, In the model (1.3)
and (1.4), the death rate of uninfected cells and the latently
infected cells are supposed to be the same, but in our model
(1.5), we needn’t the suppose, which is more reasonable.

This paper is organized as follows. In the Section II, we
derive the basic reproduction number R;and give the infection-

free equilibrium and the infection equilibrium. In section IlI,
we prove that the solution of system (1.5) is non-negative and
bounded. The global stability analysis of the infection-free
equilibrium and the infection equilibrium are given in Section
IV. This paper ends with a brief conclusion in Section V.

Il. BASIC REPRODUCTIVE NUMBER AND
EQUILIBRIUM
Similar to paper [14], a direct computation shows that the
basic reproductive number of model (1.5) is R, =e ™ gk /ab.
Obviously, it is irrelative to A/d which is desirable. The
model (1.5) has an infection-free  equilibrium
E, =(%,,0,0,0), which x,=4/d . If R,>1, an infection

equilibrium E, =(x",y",z",v") exists, where

W = AR, y = pA-e )R, -1 .
dR, + (R, -1’ PR, l
z*:@x*, Vi =(R,~1)x".

I1l. NON-NEGATIVITY AND BOUNDEDNESS OF
SOULUTIONS

Let C =C([-7,0];R*) be the Banach space of continuous

functions from [-z,0]to R* equipped with the sup-norm. The
initial condition of (1.5) is given as

X(0) = 4,(0),Y(0) = ¢,(0),2(0) = 4:(6).v(6) = 4,(0), Oe[-7,0] ,
where ¢=(4,4,,4,,¢,)" €C such that ¢(8)>0(-zr<6<0) for
i=1234).

Proposition2.1. Let (x(t), y(t),z(t),v(t))" be any solution of
system (1.5), then under the nonnegative initial conditions, all
solutions (x(t), y(t),z(t),v(t))" are non-negative on [0,+w) and
bounded.

Proof. If x(t) were to lose its non-negativity on some local
existence interval [0,T]for some constant T >0, there would
be a time at t, >0such that x(t,) =0 . By the first equation of
(15) we have x(t)=4>0. That means x(t)<0 for
te(t, —¢,t), where gis an arbitrarily small positive constant.
This leads to a contradiction. It follows that x(t) is always

positive. Further, from the third and forth equation in (1.5), we
have

2(t) = 2(0)e " + [ S PXO_DIO 1)

e "9dg
o x(@-71)+v(@-71)

v(t) =v(0)e™ + j; kz(9)e™"do
Then, it is easy to see that z(t) andv(t) are non-negative on
[0T].
From the second equation of system (1.5), we know that

_aft € OX0),
°0)= ﬂj‘t*f v(0) + x(6)

Therefore, we get that e(t) is hon-negative.

Adding the first three equations of (1.5), we get
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(x®) +y(®) + (1)) = 2 - dx(t) - py(t) - az(t)
<A-pa(x®) +y(t) +2z(t)

where z=min{d, p,a}, thus we can have

limsup, . (x(t) + (y)+ z(t)) <

INIES

So by the fourth equation of (1.5), we have

V(1) = kz(t) — bv(t) < k 2 by ().
17

which imply Iimsupt%v(t)sz—% , SO x(t),y(t),z(t),v(t) are
U

ultimately bounded.

IV. GLOBAL ASYMPTOTIC STABILITY

In this section, we shall investigate the global asymptotic
stability of system (1.5) by Lyapunov functional approach. It
is seen that for the stability purpose, only the first, third and
forth equation of system (1.5) need to be considered.

Theorem 4.1. If R,<1, the infection-free equilibrium

point E, is global asymptotically stable.

Proof. Consider the following Lyapunov functional

x(t) XD

n+Vv(t) . :a
L dp+ePz(t)+e” —v(t
X, +V(t) d ® k ©

LO=xO -],

@ e v@)

By calculating the time derivative of L, =(x,y,z,v) along the
positive solutions of model (1.5), we obtain

ﬁX(G)V(G)
= X(0) + v(e)

X+

L, () = x(t) - —2— XY

_ Px(t-o)v(t-1)
X(t-7)+v(t-1)

)+ BxEvE)
X(t) +v(t)

X(t) + e 2(t) + e"

a
v
e

o X x(®)+v(t) Bx(OV(t)

LR RO e
€PN A
v Ol e -bv)]

XV AXt-ovt-1)

X)) +v(t) x(t-7)+v(t-1)
- X x®)+v(t), Bx()V(t)
=2 —dx(t) TTIT [A —dx(t) - D+ (t)]
pe ADV(t)
k

Note that A =dx,, R, = e "kp , we can have
L) = dv(t)(x, — x(t)) N Bxv(t) eabv(t)
X(E)(X, +V(t) X, +v(t) k
dv(B)(x, — x(1)* _ e™abv(t)
SOy 0T
__ dv(t)(x, — x(t))? ep’ab (e "’kﬂ ()
X(0)(x, + V(t)) k
__avt)(x - x(t))? ep’ab (R, ~Dv(t)
()% + OB
Obviously, —w <0, and if R, <1, so we have
X(1)(x, + V(b))

L,(x,y,z,v)<0 . Therefore, the
infection-free equilibrium E, is stable. Ly(x,y,z,v)=0 if and
only if x=x,,v=0. Let M be the largest invariant set

that for all x,y,z,v>0,

in{(x,y,2,v) eR!: [(x,y,2,v) =0}, then from the second and
forth equation of (1.5), we obtain y=z=0, so M ={E,}.
Then we get the global asymptotical stability of by the LaSalle
invariance principle. When R, =1 we have W,(x,y,z,v) =0 if
and only if x=x, Let M be the largest invariant set
in{(x,y,z,v)eR!: L(xy,2,v)=0} from the first equation of
(1.5), we obtain v=0. Then from the second and third
equation of (1.5), we also obtain y=z=0, then it is easy to
know the largest invariant set of is E, , so by LaSelle
invariance principle, we can know R, =1can also ensure the
globally asymptotical stability of E, .

Theorem 4.2. If R, >1, the infection equilibrium E, of

system (1.5) is globally asymptotically stable for any time
delay r > 0.

Proof. Define a Lyapunov functional

_pox 0+v . &
L®O=x®-x- a0 e 0 - n=>1
e @ [v(t) V- |n"(t)]

pROVEO) 4

+epfaz"jH g(epfaz*(x(ﬁ) +v(6))

where g(x)=x-1-Inx,x>0.
By calculating the time derivative of L, =(x,y,z,v) along
the positive solutions of model (1.5), we derive
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X' x(t)+v

L, (t) = X(t) - X X (t)+e”’[2(t)—62(t)]
+e pr [V(t) _V(t)] ﬂx(t)v(t) _ ﬂx(t — T)V(t — T)
X@)+v(t) x(t-7)+v(t-7)
ce’az’ In X(t=7)v(t—7) x(t)+v(t)

X(t=7)+v(t—7) x(t)v(t)

ae(t) - X0, X XOIV 1) gy -
x(t) +v(t) x(t) x"+v
ﬂx(t)V(t) ] [ prﬁx(t - T)V(t - T) aZ(t)] epr 4
x(t) +v(t) X(t—7)+v(t-7)

[e P Bx(t—T)v(t—7)

X(t—f)+v(t—r) -azUl+e”

%nm—WM]

epr [kZ(t) bv ( )] ﬂx(t)v(t) _ ﬂx(t — T)V(t — T)
kv () X@)+v(t) x@t-z)+v(t-7)
ce™az In X(t=7)v(t—7) x(t)+v(t)
X(t—-7)+v(t—7) x(t)v(t)
Note that
A=dx" + 280 , 280 =az'e’, E:—
X"+Vv X +V k v
(=T g X KOy X KO
X()(X* +v") x(t) X +v X(t) X" +v
e ar In X X" x(t)+v* e'“az*[z—* X(t—7)v(t—7) X +V
X(t) x"+v* z(t) XV X(t—7)+v(t-7)
_1_|nz_* X(t—7)v(t—1) X +v ]—ep’az*lnz—*
z(t) XV* X(t-7)+v(t—1) z
x(t—7)v(t—7) X +V° _ep,az*[x(t)+v(t) 1o x(t)+v(t)]
A X(t—-7)+v(t—7) x(t) +v* X(t)+v
—ePaz" Inw—e”’az*[zft—)v*—l— In th—w]—epfaz* Inzfti
x(t) +v Z'v(t) Z'v(t) Z'v(t)
re"ar-1- v(f) LV v(t) x(t)+v* x(t) +v(t)]
v V' oX(t) +v(t) X(t)+v
ce’az’ In X(t—7)v(t—7) x(t)+v(t)
Xt—7)+v(t—7) x(t)v(t)
SO0 g X X0,
X)X +V") x(t) X +v
—ePar’ g( " x(t —rzv*(t -7) X +V*
Z(t) XV X(t-7)+v(t—1)
pr z(t) v peqe (X0 + V(L)
v(t)) eraz g X(t) +v* )
B e’"az*x(t)(v(t) —V)?
VI(X() +v(E)(x(t) + V)
Si —dv* (x(t) - x*)?
ince for all x>0,9(x)<0 and ————*——~>-<0, SO we

X(t) (X" + V")
know that L, (t)<0. From above, we obtain L (t)=0 if and

only if x=x"z=z",v=v". Let M be the largest compact

invariant set in F:{

=0}, then from

the second equation, we obtain y=y*. So M is just the
singleton E, . By the LaSalle invariance principle, we conclude
that the infected equilibrium E, of system (1.5) is globally
asymptotically stable.

V. SUMMARY AND DISCUSSIONS

In this paper, we consider a new model with intracellular
delay and nonlinear infection rate of saturated functional
response. By constructing suitable Lyapunov functions and
using LaSalle invariance principle, we have proven that the
infection-free equilibrium is global asymptotic stable when

<1. And if R;>1, there exists an infection equilibrium and

we also get its global asymptotic stability by constructing
Lyapunov functional .
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