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Abstract—An epidemic model with infectivity and recovery in
both latent and infected period is introduced. Utilizing the
LaSalle invariance principle and Bendixson criterion,the basic
reproduction number is found, we prove that the disease-free
equilibrium is globally asymptotically stable when the basic
reproduction number is less than one. The disease-free
equilibrium is unstable and the unique positive equilibrium is
globally asymptotically stable when the basic reproduction
number is greater than one.Numerical simulations support our
conclusions.
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1. INTRODUCTION

Pestilences have a profound impact on human civilization.
Human has a long history of struggling with infectious
disease,thereinto epidemic dynamics is an important method of
studying the spread of epidemic qualitatively and quantitatively.
The research results are helpful to predict the developing
tendency of the epidemic and to seek the optimum strategies of
preventing the spread of the epidemic.In recent years,several
studies have been devoted to the epidemic models with
exposed (latent) period[m] .[1-4] demonstrate the models
without infectivity in latent period. [5-7] discuss the models
with infectivity ,but without recovery in latent period. However,
many infectious diseases,such as SARS, tuberculosis, etc., not
only can be transmitted, but also can be recovered in latent
period.In this paper,we consider an SEIR epidemic model with
infectivity and recovery in both latent period and infected
period ,which is given by the following form:

S'= A= f (N2 fu(N) - dS

' SE St
E'=BN) -+ B(IN) = (d+e+7)E
I'=eE—(d+d, +y,)]

R' =y, E+y,I—dR
N@t)=SO)+E(@)+I1(t)+R(?)

1)

Where 4 is the recruitment rate of the population, d is the

natural death rate, d \is the disease-related death rate, £ is the
transformation rate from the exposed individuals to the
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infected individuals, the recovery rate of the exposed group is
71, the recovery rate of the infected group is ¥, , f(N)and
B,(N)are the adequate contact rates,which satisfy the following
assumptions":

(4,) B.(N)is a nonnegative nondecreasing continuous function

and is continuously differentiable as N >0, 5,(0)=07 =1,2.

(4,) n.(N) = Mis a nonincreasing continuously differentiable
' N
functionas N >0, i =1,2

II.  THE EXISTENCE AND STABILITY OF THE EQUILIBRIUM
Let S()=N@)—E@)-I1(t)—R(@) ,0 =d+¢&+y, and
M =d +d, + y,then the system (1) becomes

E'=[n,(ME+n,(MI((N-E-I-R)-E

I'=¢E -l o
R'=y,E+y,]-dR
N'=A4-dN-d I

From biological considerations, system (2)is studied in the
positive invariant set.

Q :{(E,I,R,N)|EZO,IZO,RZO,E+I+RSNSj}

By setting the right sides of the four differential equations of
system (2) to zero, we obtain

F(N)I =0

Where
S Au(d+y,)+Asd+y,
FON) = La (V) + a0, (VT N - M ”i;d £ +7,)

According to the assumptions (A1 )and (4,), we have

1-du
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Ap(d+y,)+Ae(d+y,)
add,

+%[ﬂﬂ{(N)+8ﬁz’ V)]

>0
The function F(N) is nondecreasing,so the equation

F'(N) =~ [un(N)+&n;(N)]

F(N)=0 has a unique root at most . And because
Au(d+y)+Ae(d +y,)

F(0)=- i [ (N) +é&n,(N)]—-ou <0
Let A[um(g)ﬂm(g)] oA SR 1
R, = o , (3)—#(0—)

R, is called the basic reproduction number.The equation

F(N)=0 has a unique positive root in the interval
(O,é) When R, >1 ,then the equation F(N)=0 has no
d
positive root When R <1 .Based on the above analysis,we
obtain the following results.
Theorem2.1 The system (2) always has the disease-free

disease-free equilibrium p (0,0,0, g) sthen it has a unique
positive equilibrium p(E",1",R",N") if R, > 1.

Theorem2.2 The disease-free equilibrium P, of the
system (2) is globally asymptotically stable in € when
R, <1and it is unstable when R > 1.

Proof The Jacobian matrix of the system(2)at the disease-

free equilibrium £ is

A A A A
5771(3)—5 3772(3)
J(F) = € H 0 0
71 72 -d 0
0 —-d, 0 -d

Its characteristic equation is

A+d) {7 +[6+u—
Sod =4, =—d,

A A
3771(3)]1"',“[5 771( )] - 772( )}=0

A A
At A= (=0 n< Ins L -6 =0 =D

Ay Ay = ﬂ[é——nl( - 7772( 4y = qu(1-R,)
Therefore,the characteristic roots of Jacobian matrix
J(P,))all have negative real parts.It follows that the disease-

free equilibrium P, is locally asymptotically stable when

R, <1land it is unstable when R, >1.

Then we analyse the global stability of the disease-free
equilibrium £ and construct Lyapunov function.

A’]z(d)
L(E,I,R,N)=R,E + I
du

We obtain
dL A A A
oy = Rl (WNE +m, (NS == CHE +11, ()]

R[m(N)EwZ(N)I]N—g[m( )E+nz( )]

<

&\IJ;

] I(E)E +1, (E)I](Ro -1
and

A

{(E,L,R N)| |(2)_0} (ELRN)|E=I=R=0,N=—}

It shows that the disease-free equilibrium P, of the system

(2)is globally asymptotically stable when R, < 1in accordance
with Lyapunov-LaSalle invariance principle.

Assume that

(BI )there is a compact absorbing set K c D;

(B,) x is the only equilibrium in D
Lemma 2.1” Suppose that D is simply connected domain,

Under assumptions (B,)and (B, ),the unique equilibrium X is
globally asymptotically stable in Dif g < 0. The quantity ¢ is
defined:

= lim supsup- j 1(B(x(s,x,)))ds

t—0 voeK
o™ : n) (n
Where g — p/_}rr1 +pZ _ptand x5 pPx) is a y
‘ Ox 2) \2
matrix-valued function,

which is C'in D . P, is the matrix obtained by replacing

each entry p i in P by its directional derivative in the direction

of [,

2]
9 s the second additive compound matrix of the
ox

Jacobian matrix of f .Then y(B)is the Lozinskilv measure,
which is defined by

B)= HI +hB| -1
# h

Whend, =0,that is, N (1) - 4 =g, the limit equations of
d

t—0

system (1) s
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S'= A-n,(a)SE —n,(a)SI —dS
E'=n,(a)SE +n,(a)SI —SE
I'=eE—(d+y)]
R =y E+y,]—dR

()

We need only to consider the system consisted of the first
three equations,denote it by (4)

S'=A—n,(a)SE —n,(a)SI —dS
E'=1,(a)SE +n,(a)SI — 6E (4)
I'=¢E—(d+y,)]

system (4)is studied in the positive invariant set.
A
Q, :{(S,E,I)|S>0,E>O,I>O,S+E+l<d}
Obviously system (4) always has the disease-free
equilibrium Q, (,0,0),

then it has a unique positive equilibrium @ (S",E",1")
ifR >1
5(d +7,)

where ¢* — Y E" =
(d+y,)n(a)+en,(a) 1

;o EA=dST) Ay, (@) + e, (@)
Sd+y,) ds(d +y,)
And the disease-free equilibrium Q of the system (4) is

globally asymptotically stable in Q, when R, <1 and it is
unstable when R, > 1.

Theorem2.3 The positive equilibriuQ, of the system(4)is
locally asymptotically stable inQ, if R, >1.

Proof The Jacobian matrix of the system (4)at the positive
equilibrium Q, is

-m(@E —n,( @I —d  -n (@S -n,(a)S”
JO)=| m@E" +n,(a)l’ m@s -5 n,(a)s”
0 & —(d+y,)

Its characteristic equation is
A +aX +a,A+a, =0
Where
a, =n,(@QE" +n,(a)]" +2d+65+y, —n,(a)S"
>n(@)E +n,(a)] +2d+y, >0

a, =0 +d+7,)m(@E" +n,(a) 1+d(d +5+y,)~dn,(@)S
2(5+d+y)m(@E +m, (@) ]1+d(d+y,)>0

a; = o(d+ }/2)[771(61)E* +772(a)1*] >0

Further

—a; =(8+d +y,)m(@E +n,(a)] 1> +[d(d +,)
+(2d+S5+y,)(d+6)+7,2d +y,)lm(a)E
+772(a)1*]+d(al+5+;/2)(2ai+5+;/2)+alryf(a)S*2

- Q2d+5+y)n (), (a)E* +7, (a)l* ]S*
—d(3d +25 +2y,)n,(a)S”

a -a,

>(S+d+y)(@E +n,()I T
+[dBd +2y, +8)+7,2d + )l (D E +n,(a)] ]
+a’(}/22 +2d? +3d}/2)—d5771(a)S*
dni (@)5(d +7,) g 4 da1,(@) o
(d+y,)m(a)+eén,(a) (d+7,)
> +d+y,)m(@E +n,(a)] ]
+[dBd +2y, +8) +7,2d + y )] (QE™ +n,(a)]"]
+d(y; +2d” +3dy,)>0

Therefore,the Routh-Hurwitz stability conditions are
satisfied.It follows that the positive equilibrium @, is locally

asymptotically stable.

Theorem2.4 Suppose 2an(a)<e+y, , the positive
equilibrium Q, of the system (4)is globally asymptotically stable

nQ,if R >1.

Proof The uniform persistence of system(4) equals to the
unstability of Q, 19 'So there is acompact absorbing set
KcQ, In the set K the
assumptions (B, Jand (B, ).By Lemma 2.1,we just need to prove
q<0.

system (4) satisfies the

The Jacobian matrix of the system (4)is

-m@E-m@l-d -n(@S -m(@sS
J=| m@E+m@@I  m@S-6 n,(a)S
0 £ —-(d+y,)
The second compound matrix J?! of J is
a, 1n,(a)S n,(a)S
JH=l g ay, —m,(a)S

0 n(a)E+n,(a)] as;
where
a,, =—m@E-n,(a)+n(a)S—-d-95
a5, == (QE=1,(a)] =2d ~ 7,
ay,=m(@)S—-o6-d—-y,

Weset p(s, £,1) = diag (1, -, ) then
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E I'E T
PP =diag(0,— - —,— -1
/ 8( E I'E 1)

Thus the matrix B = P, P! + py p-tcan be written in the
block form
B

B:(Bll lZ\J
BZl BZZ

Where B, =1,(a)S —n,(@)E —n,(a)] —d — &S

I I E ’
B, :[Eﬂz(a)S»Eﬂz(a)Sj’le = (7 S’OJ

E' I
———-m@E-n(a)]-2d-y,

A =1m(a)S
22 ’ '

E 1
'II(G)E+772(G)1 E—7+7]1((1)S—5—d—}/2
- - H
Defining the vector norm ”” inR*> =R\ as

|G, v, w)|| = max{] w |,| v|+| w} the Lozinski/ measure u(B)

is estimated as follows

UB)<supig,,g,}

where g =uB,)+|B,| »&, = By, | +1(By,)

Futhermore y(B,,) =1,(a)S —n,(a)E —n,(a)[ —d -5,

1 E
| B, |:E772(a)s" B, = 7‘9
To compute £(B,,), we add the absolute value of the off-
diagonal elements to the diagonal one in each column
of B,, ,and u(B,,) is the maximum of the diagonal
elements.Noticing that2a7, (a) < & + y, ,we have

E" I

B,)=—-"——2d-
H(B,,) E 7 7>
N I I' &¢E
Using E=771(G)S+ET72(G)S—5 and 727—01—72 >We
have
E' E' E'
=—-n(E-n(a)—-d<—-d,o, =——d>
& E 771( ) 772( ) E &> E

!

E
y(B)Ssup{gl,gz}zf—d

1 1 1. E t—t
Therefore ~ - ol P R
tjoﬂ(B)dTStJ.O ,u(B)dz'+tIn Z d

1

That is ¢ = lim sup supljot w(B(x(5,%,)))ds < —d < 0.

t—o  xyek t

then the positive equilibrium Q, of the system (4) is globally
asymptotically stable in(), .

1.
Example 3.1 We choose the function

N
1+ b6N +~/1+2bN

7, =03,d =0.015,a =10000,d, = 0.001, then R, =0.914<1,

NUMERICAL SIMULATIONS

Bi(N)= Mi=12. b=4,6=04,7,=02,

Its phase diagram is illustrated in Figure 1.Numerical
simulations show that the solutions approach to the disease-

free equilibrium P, if R <1
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Figurel The phase diagram of example3.1
Example 3.2 We choose the function

N
1+bN ++/1+2bN

¥, =0.3,d =0.015,a =10000, then R =1.46>1 ,Its phase
diagram is illustrated in Figure 2.Numerical simulations show
that the solutions approach to the positive equilibrium Q, if

R >1

d=12.b=3,6=04,y,=0.1,

ﬁi(N):
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Figure2 The phase diagram of example 3.2
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Iv.

This article has illustrated an SEIR epidemic model with
infectivity in both latent period and infected period.The basic
reproduction number R (R,) is established. When R <1  the

disease-free equilibrium is globally asymptotically stable and
the disease dies out eventually. When R, > 1the disease-free

CONCLUSIONS

equilibrium is unstable and the positive equilibrium is globally
asymptotically stable in certain conditions. Further,the
conclusions are verified by numerical simulations .
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