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Abstract Understanding the metabolism mechanisms in living organisms is a major task for post-
genomic biology. Cellular metabolism is usually represented by a complex network of reactants
connected by chemical reactions catalyzed by enzymes. In this paper, a mass flow conservation
model is proposed to describe the process of cellular metabolism, which can be formulated as a
linear programming model. Based on such model, the importance of an enzyme is quantitatively
defined in metabolic network according to the variation of mass flow and final products resulting
from the deletion of the enzyme. This quantitative criterion can be used not only to predict the
essentiality of enzyme but also to identify drug targets.
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1 Introduction
Metabolism is the biochemical modification of chemical compounds in living organ-

isms. Cellular metabolism includes all chemical processes in a cell that produce energy
and basic materials needed for important life processes. This includes the biosynthesis
of complex organic molecules (anabolism) and their breakdown with release of energy
(catabolism). A substance which participates a biochemical reaction is called a metabo-
lite. A process in which two or more molecules (reactants) interact and produce a product,
usually with the help of an enzyme, is called a biochemical reaction.

Cellular metabolism is usually represented by a complex network called metabolic
networks, in which reactants are vertices and chemical reactions are edges. Biochemical
reactions are usually catalyzed by an enzyme, which is usually a protein and is translated
from a corresponding gene. Experimental determination the kinetic parameters in hun-
dreds of reactions in a cell is a challenging problem. Therefore, analyzing the static struc-
ture of metabolic network to infer causal and physiological relationships is a promising
approach. From a practical and biological point of view, it is very important to investigate
the influence of enzymes on the metabolic network. Enzymes are subject to evolution and
can be genetically engineered to change metabolic output. They can also be targets for
drugs [5], so identifying important enzymes is a critical issue in drug design or pharma-
ceutical industry [12, 1].

An enzyme is considered as essential if the deletion of the gene coding for that enzyme
has lethal effects on the organism under a given experimental condition. The experimental
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identification of essential genes has been carried out in some bacteria and yeast [9, 11].
Several computational methods have been proposed to define the importance of enzymes
in a metabolic network to predict enzyme essentiality, such as flux analysis method [7, 13],
damage analysis method [2, 14], load point method [3], degree analyze method [4] and
others [6, 10, 18, 17, 19, 20].

In this paper, we present a novel mass flow model for describing cellular metabolism,
based on which we give a quantitative definition to determine the importance of enzymes
for the survival of an organism. The method predicts quantitatively essentiality of an
enzyme based on the variations of mass flow resulting from the deletion of the enzyme.
Our quantitative criterion for evaluating enzyme importance is the deleterious effect of its
removal from the network. Since the deletion of an enzyme may cause several chemical
reactions being prohibited, so the mass flow of the metabolites as well as the final products
in the network may change depending on the biological role of the enzyme. If the mass
flow of an important final product vanishes, the organism will die; if the final mass flow
decreases but not vanishes, the organism will exhibit some disease symptoms. Although
living organisms have evolved to maximize their chances for survival [15], there still
exist some enzymes whose deletion will be lethal. An important evaluation criterion is
the change of the mass flow for some important metabolites. In this paper, we propose a
quantitative criterion based on the mass flow change rate.

This paper is organized as follows: in section 2, a linear programming model based
on the mass flow conservation for metabolic network is proposed; in section 3, the essen-
tiality criterion of an enzyme is defined and a sample example is illustrated. Section 4 is
conclusion.

2 Mass flow model for metabolic networks
Barabási and co-workers [8] have introduced a graph representation of the metabolic

network, where the nodes and the links connecting the nodes denote metabolites and
chemical reactions, respectively. In this paper, we develop another graphical representa-
tion of the metabolism[2] based on mass conservation condition. The metabolic network
is directed and has two types of nodes (bipartite digraph [16]). One type represents chem-
ical reactions and the other metabolites. A link between a reaction and a metabolite is
directed towards the metabolite, if the metabolite is a product, and in the opposite direc-
tion, if the metabolite is a reactant. We treat reversible reactions as two separate reactions.

Suppose that there are m metabolites {A1,A2, · · · ,Am} and n reactions {R1,R2, · · · ,Rn}
in a metabolic network. We can add a source node R0 and a sink node Rn+1 to the network.
And add links with direction from the source node R0 to the metabolite with indegree zero,
where the metabolite with indegree zero means there is no chemical reaction producing
it. Meanwhile, we can add links with direction from the metabolite with outdegree zero
to the sink node Rn+1, where the metabolite with outdegree zero means that it is not a
reactant of any chemical reaction and will leave the systems.

Let

A =




a11 a12 · · · a1n a1,n+1
a21 a22 · · · a2n a2,n+1
· · · · · · · · · · · · · · ·
am1 am2 · · · amn am,n+1



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where A is the adjacent matrix from the metabolites to the chemical reactions in the
metabolic network. For 1 ≤ k ≤ n, aik = 1 if the metabolite Ai is the reactant of reac-
tion Rk, and aik = 0 otherwise. For k = n + 1, ai,n+1 = 1 if the metabolite Ai is not a
reactant of any reaction; ai,n+1 = 0, otherwise.

B =




b01 b02 · · · b0m
b11 b12 · · · b1m
b21 b22 · · · b2m
· · · · · · · · · · · ·
bn1 bn2 · · · bnm




where B is the adjacent matrix from the chemical reactions to the the metabolites in the
network. For 1 ≤ k ≤ n, bk j = 1 if the metabolite A j is the product of reaction Rk, and
bk j = 0 otherwise. For k = 0, b0 j = 1 if metabolite A j is not a product of any reaction,
and b0 j = 0 otherwise.

S =




s11 s12 · · · s1n s1,n+1
s21 s22 · · · s2n s2,n+1
· · · · · · · · · · · · · · ·
sm1 sm2 · · · smn sm,n+1




T =




t01 t02 · · · t0m
t11 t12 · · · t1m
t21 t22 · · · t2m
· · · · · · · · · · · ·
tn1 tn2 · · · tnm




S and T are the mass coefficient matrices of reactions. The kth column of matrix S
denotes the mass coefficients of reactants in reaction Rk, while the kth row of matrix T
denotes the mass coefficients of metabolites produced by reaction Rk. For example, we
can obtain the kth column of matrix S and the kth row of matrix T from the conservation
of mass equation in the reaction Rk. In the contrary, the conservation of mass equation in
the reaction Rk can be deduced from the kth column of matrix S and the kth row of matrix
T . That is, the conservation of mass equation in reaction Rk is

m

∑
i=1

sikAi =
m

∑
j=1

tk jA j

where sik ( or tk j ) equals to the product of reactant Ai’s (A j) coefficient in the Rk’s chem-
ical equation and Ai’s (A j) molar mass.

For example, the chemical equation of reaction Rk is

2A1 +3A2 ­ A3 +2A4

The molar mass of A1,A2,A3,A4 are respectively 12,20,40,22. Then s1k = 2×12 =
24, s2k = 3×20 = 60, tk3 = 40, tk4 = 2×22 = 44, and the conservation of mass equation
corresponding to reaction Rk is as follows
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24A1 +60A2 = 40A3 +44A4.

It can be simplified to

6A1 +15A2 = 10A3 +11A4
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A3

R1

R2

R3

A4

A5

A6

A7

R4

R5

R6

A8

A9

A10

R0 R7

 

Figure 1: A metabolic network with 10 metabolites and 6 reactions. R0 is the added
source node and R7 is the added sink node

Figure 1 is an illustrative example of 10 metabolites and 6 reactions, R0 is the added
source node and R7 is the added sink node. Ri (i = 1,2, · · · ,6) denote the reactions, for
example, those which can be expressed by the following conservation of chemical reaction
mass equations.

R1 : 8A1 +4A2 = 3A4 +9A5
R2 : A3 = A6
R3 : A2 = A7
R4 : A4 = A8
R5 : 2A5 +3A7 = A9 +4A10
R6 : A5 +A6 = 2A10

Let xik (i = 1,2, · · · ,m;k = 1,2, · · · ,n) denote the mass of metabolite Ai participant
in reaction Rk as reactant, and yk j (k = 1,2, · · · ,n; j = 1,2, · · · ,m) denote the mass of
metabolite A j produced by reaction Rk. The maximal flow model can be expressed by the
following linear programming model.

maxz =
m

∑
i=1

cixi,n+1 (1)
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s.t.





∑n
k=0 bkiyki = ∑n+1

j=1 ai jxi j f or i = 1,2, · · · ,m (2)
∑m

i=1 aikxik = ∑m
j=1 bk jyk j f or k = 1,2, · · · ,n (3)

xik
sik

= x jk
s jk

f or 1≤ k ≤ n; 1≤ i, j ≤ m, sik 6= 0, s jk 6= 0 (4)
yki
tki

= yk j
tk j

f or 1≤ j ≤ n; 1≤ i, j ≤ m, tki 6= 0, tk j 6= 0 (5)
xik ≤ aikUik f or 1≤ i≤ m, 1≤ k ≤ n+1 (6)
yk j ≤ bk jVkl f or 1≤ j ≤ m, 0≤ k ≤ n (7)
xik ≥ 0, i = 1,2, · · · ,m,k = 1,2, · · · ,n+1 (8)
yk j ≥ 0, j = 1,2, · · · ,m,k = 0,1,2, · · · ,n (9)

The objective function denotes the maximum combination mass of terminal com-
pounds produced by the metabolism process, that is, the combination mass flow of the
final metabolite should be maximum, where ci is the coefficient of combination, the larger
the ci, the more important the compound is. Constraint (2) guarantees that mass of each
metabolite is balanced. Constraint (3) guarantees the conservation of mass in each reac-
tion, that is, the total mass of all the reactant is equal to the total mass of all the products.
Constraints (4) and (5) guarantee that the conservation of reaction mass equation is sat-
isfied, that is, the mass of reactants and products in each reaction satisfy the proportion
relationship. Constraints (6) and (7) guarantee that all the mass flows along the arcs sat-
isfy the capacity limit, where Uik and Vkl are the upper bounds of variable xik and ykl
respectively. Constraints (8) and (9) ensure that all variables are nonnegative.

Since the mass of metabolites is proportional to its concentration, we can easily obtain
the concentration of each metabolite using the value of its mass divided by its molar
mass. On the contrary, if we use the concentration of each metabolite as the variables, we
only need to revise the linear programming model. Hence, we can use the revised linear
programming model to find the optimal concentrations or mass flow of each metabolite.
For the metabolic network in Figure 1.

A =




1 0 0 0 0 0 0
1 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 1 0
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 1
0 0 0 0 0 0 1




B =




1 1 1 0 0 0 0 0 0 0
0 0 0 1 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 1



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The linear programming model of this metabolic network is as follows:

max z = x8,7 + x9,7 + x10,7

s.t.
6

∑
k=0

bkiyki =
7

∑
j=1

ai jxi j f or i = 1, · · · ,10

10

∑
i=1

aikxik =
m

∑
j=1

bk jyk j f or k = 1, · · · ,6

x1,2/8 = x2,1/4
y1,4/3 = y1,5/9
x5,5/2 = x7,5/3
y5,9/1 = y5,10/4
x5,6/1 = x6,6/1
xik ≤ 10aik f or 1≤ i≤ 10, 1≤ k ≤ 7
yk j ≤ 10bk j f or 1≤ j ≤ 10, 0≤ k ≤ 6
xik ≥ 0, i = 1, · · · ,10,k = 1, · · · ,7
yk j ≥ 0, j = 1, · · · ,10,k = 0,1, · · · ,6

Using Lingo software to solve this linear programming model, we can obtain the
results expressed in Figure 2, where the mass flow of each metabolite is depicted beside
its corresponding arc.
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A5

A6

A7
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11.944
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20
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R0

Figure 2: The mass flow of each arc in metabolic network of Figure 1. The maximal mass
flow is 3.333+2.5+20=25.833. which means that the network can produce 25.833 total
compounds.

3 Quantitative definition for enzyme importance
The metabolites produced by the network is essential for the organize’s growth. If

the mass of a metabolite is reduced, the concentration of this metabolite in organism will
decrease, which will result in the slowly growth or death. The importance of an enzyme
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can be defined by comparing the two values of mass flow before and after the enzyme is
prohibited. Suppose that the mass flow of a metabolic network is z0 before the enzyme is
prohibited (or in wild state). When we prohibit the activity of an enzyme, the reactions
catalyzed by this enzyme will be prohibited so that the mass flow will be changed. We
can calculate the combinatorial mass flow in the new metabolic condition. This can be
realized by simply adding a constraint to the linear programming model. The added
constraint represents that the chemical reaction catalyzed by the enzyme is inhibitory.
Supposing that the new mass flow value is z1, then the importance of the enzyme can be
defined by the following measure:

E =
z0− z1

z0
(1)

For example, the combinatorial mass flow of the metabolic network in Figure 2 is
25.8333. After inhibiting the enzyme which catalyzes reaction R2, the mass flow of the
network is 14.1667 (see Figure 3). Hence, the essentiality of the enzyme which catalyze
reaction R2 is E(R2) = (25.833−14.1667)/25.8333 = 0.452, which means that the com-
binatorial mass flow of the final metabolic in the new condition is equal to 54.8% of that
in the wild condition.

A1
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1.667

0

5.0

0
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1.667
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5.0

0

0

2.5

10

0

4.444
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0
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2.5

10

7.5
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Figure 3: The maximal mass flow of the metabolic network in Figure 1. R0 is the added
source node and R7 is the added sink node.

By the same way, we can calculate the importance of the enzymes which catalyze the
other reactions, the result is as follows.

enzyme (reaction) importance
R1 1
R2 0.452
R3 0.548
R4 1
R5 0.548
R6 0.452

E(R1) = (25.833−0)/25.833 = 1 means that inhibiting the enzyme that catalyzes reac-
tion R1 is lethal.
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4 Conclusion
In this paper, we first present a novel mass flow model to describe the process of

cellular metabolism, and then gave an enzyme importance model to quantitatively predict
essentiality of an enzyme from the variation of mass flow after prohibiting the chemical
reactions catalyzed by that enzyme. Both models are clear and simple. They can be used
not only to predict the essentiality of an enzyme in real metabolic networks but also to
identify the drug targets. Comparing with flux balance analysis model, the mass flow
model includes all the information of flux balance analysis model. It is much easier to
understand the relationship between the metabolites and reactions in metabolic network
by mass flow model.
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