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Abstract In this paper we study a MAP/M/K system with join-the-shortest-queue (JSQ) disci-
pline which consists of K servers and K queues with infinite buffers. An arrival joins the shortest
queue and in the case that there are n (n ≤ K) queues having the same shortest length, the customer
will join any one of these shortest queues with probability 1/n. We model the system as a level-
expanding QBD (LDQBD) process with expanding-block-structured generator matrix by defining
the sum of the multi-queue lengths as the level. This method enable us to quantify the regular queue-
ing measures, including stationary joint queue length distribution and sojourn time distribution. We
also compare the effect of JSQ and randomly-join-queue.
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1 Introduction
Join-the-shortest-queue (JSQ) policy is an important routing policy within queueing

theory. It states that a newly arrived customer will join the shortest queue if there are
multiple queues for the same service. The JSQ problem was originally introduced by
Haight [6]. The optimality of the JSQ policy has been widely proved. (see [4, 8, 14,
17, 18, 19]). Research on JSQ has attracted many researchers’ attention. Knessl et al.
[9], Adan et al. [1], Kurkova and Suhov [11], Halfin [7] studied the symmetric JSQ
system. Knessl [10], Foley and McDonald [5] studied the asymmetric shortest queue
problem. Zhao and Grassmann [20], Adan et al. [2] studied the shortest queue problem
with jockeying.

To our knowledge, most study on JSQ system is restricted to Poisson arrivals and
exponential service. In this paper we consider the JSQ system with Markovian arrival
process (MAP) since MAP is a fairly general process and has a capability of representing
a wide class of arrival processes (see [15, 13]). The purpose of this paper is to quan-
tify the regular queueing measures of the MAP/M/K system with JSQ discipline. We
model the system as a level-expanding QBD (LDQBD) process with expanding-block-
structured generator matrix by defining the sum of the multi-queue lengths as the level.
We also develop some approaches and computing algorithms which enable us to analyze
performance measures of the system.

This paper is organized as follows. In section 2, we define the JSQ system with MAP
inputs. In section 3, we construct an LDQBD process for the joint queue length process
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and provide a numerical computation method to compute the stationary probability distri-
bution. Section 4 is devoted to the customer sojourn time distribution. We provide some
numerical results for some simple examples in section 5.

2 System Definition
We consider a join-the-shortest-queue queueing system with a Markovian arrival pro-

cess (MAP) with representation (D0,D1), where D0 =
(

D0
i, j

)
m×m

and D1 =
(

D1
i, j

)
m×m

.

Let D = D0 +D1 and z denote its stationary probability vector. Then, z = (z1, ⋅ ⋅ ⋅ , zm) is
uniquely determined by z(D0 +D1) = 0 and z1 = 1, and the mean arrival rate of the MAP
is λ = zD11 , where 1 is a vector with all elements being equal to 1.

The queueing system consists of K servers with unlimited buffers. The service times
at all servers are independent and exponentially distributed with rates µi for server i,
respectively, i = 1, ⋅ ⋅ ⋅ ,K. On arrival a customer joins the shortest queue and in the case
that there are n queues having the same shortest length, the customer will join any one of
these queues with probability 1/n. Let ρ = λ/(µ1 + ⋅ ⋅ ⋅+µK) denote the traffic intensity
of the network. Throughout the paper we assume that the stability condition ρ < 1 holds.

Let Ni(t) be the number of customers joining server i (waiting and being served) at
time t by the server i, i = 1, ⋅ ⋅ ⋅ ,K. Let N(t) = (N1(t), ⋅ ⋅ ⋅ , NK(t)). Denote the phase of the
MAP at time t by S(t). Then {N(t),S(t), t ≥ 0} is a multi-dimensional continuous-time
Markov process with a state space J = {(n,s): n ∈ EK , 1 ≤ s ≤ m}, where E is a set of
{0,1,2, ⋅ ⋅ ⋅}.

3 Stationary Probability Distribution
Define the system level as the total number of customer in the system. We denote it as

N, i.e., N = n1 =
K
∑

k=1
nk. We list all possible states of J according to the Level-Ascending

and State-Descending (LASD) sequencing rule ([12]). For all level N ≥ 0, let

CN+1 = block that the states transit from level N +1 to level N,

BN = block that the states transit from level N to level N, and
AN = block that the states transit from level N to level N +1.

The corresponding generator matrix Q can be written as

Q =

⎛
⎜⎜⎜⎝

B0 A0
C1 B1 A1

C2 B2 A2
. . . . . . . . .

⎞
⎟⎟⎟⎠ . (1)

The blocks in Q are level-dependent, finite, and expanding with the level N.

Let p =
K
∑

k=1
χ(nk = min{n1, ⋅ ⋅ ⋅ , nK}), where χ(ω) is a sign function, i.e., χ(ω) =

0 if ω is false (or zero); χ(ω) = 1 if ω is true (or nonzero). Let ei be a vector of
all zero elements except the ith element position which is occupied by 1. Denote u ∈
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{v : nv = min{n1, ⋅ ⋅ ⋅ ,nK}}. The entries of different blocks in Q are given below (all the
remaining elements of Q not mentioned are zeros).

For n1 = N ≥ 0, and i, j = 1, ⋅ ⋅ ⋅ ,m:

in AN : (n, i)
D1

i, j/p
−−−−−−−→ (n+ eu, j),

in CN : (n, j)
µk−−−−−−−→ (n− ek, j), 1 ≤ k ≤ K,

in BN : (n, j)
D0

j, j−
K
∑

k=1
µkχ(nk)

−−−−−−−−−→ (n, j),

(n, i)
D0

i, j−−−−−−−→ (n, j), i ∕= j.

With the level dependent generator matrix Q, the following is to calculate the station-
ary joint distribution π = (π(1),π(2), ⋅ ⋅ ⋅), where π(N) is the stationary probabilities with
level N, π(N) = {π(n, i) : n1 = N, s ∈ {1, ⋅ ⋅ ⋅ ,m}}. We adopt an algorithm introduced
by Bright and Taylor [3] which is an efficient algorithm to calculate the equilibrium distri-
bution in level dependent quasi-birth-and death processes. We summarize the algorithm
briefly. Readers may refer to [3] for details.

Algorithm 1.
Step 1. Truncate Q to QN∗ (N∗ > 0) such that

∞
∑

N=N∗
π(k)e < ε .

Step 2. Evaluate the family of matrices {RN , N ≥ 0} which are the minimal non-negative
solutions to the system of equations AN +RNBN+1 +RN [RN+1CN+2] = 0.
Step 3. Define m0 to be a positive left eigenvector of the matrix B0 +R0C1 = 0 and define
mN by mN = m0ΠN−1

l=0 Rl . Let m = (m0,m1, ⋅ ⋅ ⋅ ,mN∗). Then the equilibrium distribution
π = (π(1),π(2), ⋅ ⋅ ⋅ ,π(N∗)) is given by π(N) = mN/me.

The following Theorem presents the value of truncated level N∗.

Theorem 1.
Given an error ε > 0, if ρ = max{D11}

min{µ1,⋅⋅⋅ ,µK} < 1, the largest total queue length N∗ can be
given by

N∗ = 1+
[

log(1−ρ)+ log(ε)
log(ρ)

]
. (2)

Proof. Since condition 1 of [3] is held in the JSQ system, we can construct a dominating
process of {N(t),S(t), t ≥ 0}. We define a standard birth-and-death process {l̄N ,N ≥ 0}
on state space {N ≥ 0} with transition rate q̄(i, j) given by

q̄(0,1) = 0,

q̄(N,N +1) = max{AN1}= max{D11}, N > 0,
q̄(1,0) = 0,

q̄(N,N −1) = min{CN1}= min{µ1, ⋅ ⋅ ⋅ ,µK}, N > 0.
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If ρ = max{D11}
min{µ1,⋅⋅⋅ ,µK} < 1, {l̄N ,N ≥ 0} is stable. It is sufficient to find N∗ such that

∞
∑

N=N∗
l̄N =

ρN∗
/(1−ρ)< ε , i.e., N∗ can be given by (2). According to [3], this N∗ is the largest queue

length of the JSQ system such that
∞
∑

N=N∗
π(N)e < ε is satisfied.

4 The Sojourn Time Distribution
We will derive the distributions of the customer sojourn time in this section. To eval-

uate the performance of the join-shortest-queue policy, we will compare the customer
sojourn time under join-shortest-queue discipline and the randomly-join-queue discipline
in which customers randomly join one of the waiting lines without considering the lengths
of the waiting line.

4.1 Sojourn Time Distribution under JSQ Discipline
As the initial state of the customer sojourn time is a customer arrival instant, we will

first derive the state transition probabilities for the Markov chain embedded at these arrival
instants (the epoch right after an arrival).

Because the embedded Markov chain at customer arrival instants is level-dependent
G/M/1 type, there is not an effective approach to directly derive the corresponding sta-
tionary probability distribution. We consider the embedded Markov chain in a system
with maximum queue length N∗ which can be obtained by Theorem 1.

We decompose the transition generator matrix Q̃ into filtration matrices

Q̃0 =

⎛
⎜⎜⎜⎝

B0
C1 B1

. . . . . .
CN∗ B̃N∗

⎞
⎟⎟⎟⎠ , (3)

where B̃N∗ : (n, j)
−

K
∑

k=1
µkχ(nk)

−−−−−−−→ (n, j),

and

Q̃1 =

⎛
⎜⎜⎜⎜⎜⎝

O A0
O A1

. . . . . .
O AN∗−1

O

⎞
⎟⎟⎟⎟⎟⎠
. (4)

The transition probability matrices of the system embedded Markov chain are P̃0 = I−
diag(Q̃)−1Q̃0 and P̃1 =−diag(Q̃)−1Q̃1 respectively, where P̃1 represents that a customer
arrives, and P̃0 represents that no customer arrives. Obviously, the transition probability
matrix of the embedded Markov chain at a customer arrival instants can be given by

X ≜
∞

∑
i=0

[P̃0]iP̃1 =−[Q̃0]−1Q̃1 (5)
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So X satisfies the equation Q̃0X =−Q̃1.
To obtain X we use the method of guessing a solution by assuming that

X =

⎛
⎜⎜⎜⎜⎜⎝

O X0,1
O X1,1 X1,2
...

...
...

. . .
O XN∗−1,1 XN∗−1,2 ⋅ ⋅ ⋅ XN∗−1,N∗

O XN∗,1 XN∗,2 ⋅ ⋅ ⋅ XN∗,N∗

⎞
⎟⎟⎟⎟⎟⎠

(6)

Substituting the guess (6) into Q̃0X =−Q̃1 yields

Xi,i+1 =−B−1
i Ai , i = 0, 1, 2, ⋅ ⋅ ⋅ ,N∗−1 (7)

Xi, j = (−B−1
i Ci)(−B−1

i−1Ci−1) ⋅ ⋅ ⋅(−B−1
j C j)(−B−1

j−1A j−1) , i = 1,2, ⋅ ⋅ ⋅ ,N∗−1, j ≤ i,
(8)

XN∗, j = (−B̃−1
N∗CN∗)(−B−1

N∗−1CN∗−1) ⋅ ⋅ ⋅(−B−1
j C j)(−B−1

j−1A j−1) , j ≤ N∗, (9)

Given an error α , the stationary probability distribution π̃ can be easily approximated
by π̃ ≈ e1X̃n∗ , where n∗ is the running times to get the limiting probabilities.

Let π̃n = lim
t→+∞

P{N(t) = n} for n ∈ EK . Then the joint probability distribution of the

queue length at the epoch of customer arrival, can be given by

π̃n = (π̃n,1, ⋅ ⋅ ⋅ , π̃n,m)1. (10)

Denote the customer sojourn time by W . Let Wi,ni(x) be the probability that W ≤ x on
the condition that there are ni customers in server i when a customer chooses this server
at this customer arrival epoch (including the customer who just arrives to the system).
Obviously, Wi,ni(x) is the cumulative probability function of an Erlang distribution with
ni phases.

Wi,ni(x) =
∫ x

0

µni
i tni−1exp(−µit)

Γ(ni)
dt, x ≥ 0. (11)

Denote in = argmin{ni, i = 1, ⋅ ⋅ ⋅ ,K} and nn = min{ni, i = 1, ⋅ ⋅ ⋅ ,K}. Then the so-
journ time distribution under JSQ discipline is

P{W ≤ x}=
∞

∑
N=0

∑
n1=N

π̃nWin,nn(x). (12)

4.2 Sojourn Time Distribution under Randomly-join Discipline
In the randomly-join queueing system, customers randomly join one of the waiting

lines without considering the lengths of the waiting line and each queue is independent
to other queues. If the overall arrival is a Poisson process with arrival rate λ , the arrival
process of each queue is a Poisson process with arrival rate λ/K. The lemma below shows
that the Markovian arrival process still keeps this property.
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Lemma 1.
If the overall customer arrival process is an MAP with parameter (D0,D1), and arrival
customers randomly join a queue with probability p, then the customer arrival process of
this queue is also a MAP with parameter (D0 +(1− p)D1, pD1).

By Lemma 1, if arriving customers randomly join one of queues, each queue will be an
MAP/M/1 system and the parameter of the MAP is (D̂0, D̂1) where D̂0 = D0 + (K−1)

K D1

and D̂1 = 1
K D1. The transition matrix generator of the ith queue is (i = 1, ⋅ ⋅ ⋅ ,K)

Q(i)
R =

⎛
⎜⎜⎜⎝

D̂0 D̂1

µiI D̂0 −µiI D̂1

µiI D̂0 −µiI D̂1

. . . . . . . . .

⎞
⎟⎟⎟⎠ . (13)

According to Chapter 3 of Neuts [16], it is easy to obtain π̂i =(π̂i,1, π̂i,2, ⋅ ⋅ ⋅), the stationary
probability distribution of above MAP/M/1 system related to the ith queue. We can also
consider it as a special case of Theorem 1 since Q(i)

R is a generator of level-independent
QBD:

π̂i,1 =−π̂i,0µ−1
i D̂0, (14)

π̂i,n = π̂i,1R̂n−1
i , n = 2,3, ⋅ ⋅ ⋅ (15)

where R̂i satisfies that

D̂1 + R̂i(D̂0 −µiI)+µiR̂2
i = 0, (16)

and π̂i,0 = τ̂iẑi, in which ẑi is the stationary probability distribution of D̂0 +µiR̂i, and τ̂i is
a scalar uniquely determined by ∑∞

n=0 π̂i,n1 = 1.
Denoted by WR the sojourn time of a customer who randomly joins one of the queues.

We can easily obtain the sojourn time distribution under randomly-join discipline:

P{WR ≤ x}= 1
K

K

∑
i=1

∞

∑
n=1

π̂i,nWi,n(x). (17)

5 Numerical Analysis
In this section, we compare the effect of JSQ discipline with randomly-joining queue-

ing discipline through numerical results.
Let k = 2. We consider the systems with Poisson arrival process and Markovian arrival

process. For the Poisson arrival, we set the arrival rate λ = 0.8, i.e., D0 =−λ and D1 = λ
if we consider it as a special MAP, and the service rates are µ1 = µ2 = 2.5. For the Marko-

vian arrival, we set the parameters D0 =

(
−2 0
0 −0.5

)
and D1 =

(
0.6 1.4
0.35 0.15

)
.

The arrival rate is λ = zD11 = 0.8. The service rates are also µ1 = µ2 = 2.5.
In computing the queue length probabilities, we set the accuracy to ε = 0.0001. It is

easy to see that the maximum queue buffer is N∗ = 49 to satisfy ε = 0.0001 according
to (2). Fig.1 compares the tail distributions of the steady state sojourn times of Poisson
inputs and MAP inputs under JSQ discipline and randomly-join discipline. It shows the
JSQ has a significantly lighter tail.

30 The 8th International Symposium on Operations Research and Its Applications



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

MAP input, JSQ
MAP input, Randomly−join queue
Possion inpu, JSQ
Possion input, Randomly−join queue

Figure 1: Sojourn time tail distributions (λ = 0.8, µ1 = µ2 = 2.5)
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