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Abstract

An increasing attention has been paid to efficiency
analysis in the health care area. Among the existing ef-
ficiency assessment techniques, data envelopment anal-
ysis (DEA) plays an important role in a wide range of
applications as for measuring the relative efficiency of
different health care sectors. This paper focuses on a
second stage of the analysis, which is operated after ef-
ficiency evaluation and called as post-DEA stage, and
mainly cope with the budget management problem-
s such as budget allocation and budget prediction. In
the post-DEA stage, a comprehensive DEA based tech-
niques are adopted to make the budget prediction and
allocation based on the outcome of the first stage. A
framework of budget management from macro aspect
is built, together with corresponding resource alloca-
tion and prediction models proposed from micro as-
pect. The effect of the post-DEA method is illustrated
by a numerical example with considering 10 hospitals,
and with considering elasticity in post-DEA method,
the outcome leads to an efficiency incentive effect in
budget management.

1 Introduction

With the health care sectors accounting for a size-
able proportion of national expenditures, the pursuit
of efficiency has become a central objective of policy
makers within most health systems. The internation-
al concern was crystallized in the World Health Report
2000 produced by the World Health Organization[1][2],
which put up with the determinants and measurement
of health system efficiency. Policy makers need to pay
more attention on the objectives of their health sys-
tems, on how achievement might be measured, and on
whether resources are being deployed efficiently[3].

Since the national and local governments have a nat-
ural requirement to ensure that finance is deployed ef-
fectively, to find the methodologies which offer insights
into efficiency have attracted the interest of policy mak-
ers. One of the most commonly used tools for efficiency
measurement is data envelopment analysis (DEA)[4],
which obtains the efficiency result via a nonparametric,

mathematical linear programming framework. DEA
has been used in numerous sectors, including health
care in which its first application dates back to the
1970s, and has become the dominant approach to effi-
ciency measurement in health care and in many other
sectors of the economy[5].

DEA traditionally uses the terminology of a decision
making unit (DMU) for each of the unit of analysis, a
term coined by Charnes, Cooper, and Rhodes in their
seminal paper [4]. Since in practice, the production
function for efficiency measure is too complex to get,
DEA literature copes with this by estimating the func-
tion from empirical data. Efficiency in DEA is defined
as the ratio of a weighted sum of outputs divided by a
weighted sum of its inputs. CCR model which is built
on the assumption of constant returns to scale of ac-
tivities is the first model of DEA displayed as follows.

(CCR) min θ

s.t. Xλ ≤ θxo (1)

Y λ ≥ yo

λ ≥ 0

In formula (1), θ stands for the technical efficiency
score of DMU. Since the very beginning of DEA s-
tudies, various extension of the CCR model have been
proposed, among which the BCC model is representa-
tive. BCC model take into account of various returns to
scale, and categories various DMU into four types: in-
creasing, constant, decreasing returns to scale and the
congestion. Formula (2) also provides scale efficiency
score of DMU.

(BCC) min θ

s.t. Xλ ≤ θxo (2)

Y λ ≥ yo

eλ = 1

λ ≥ 0

In the first stage, DEA models provide valuable in-
formation to policy makers about the efficiency situa-
tion of health care sectors. The next question is that:
how to employ the efficiency evaluation results into
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the following decision making process? Such decision
making problems exist in a wide range, such as cross-
evaluation, cluster analysis[6], elasticity analysis[7],
and resource allocation about how to allocate con-
straint resources to achieve maximal efficiency. Then a
second stage is derived about post-DEA models. Dur-
ing the second stage, all the above models are consid-
ered in the so called post-DEA framework, which help
policy makers manage expenditures by using efficiency
evaluation results from the first stage. New develop-
ments in performance forecasting and resource estima-
tion come into important research topics in post-DEA
field.

Post-DEA is a set of models which stands for oper-
ations after the evaluation stage, rather than a partic-
ular model. In this paper, post-DEA mainly contains
inverse DEA model, common weights of DEA, elas-
ticity model of DEA, and resource allocation model
based on DEA. Zhang and Cui[8] developed a project
evaluation system which firstly extend DEA model to
inverse DEA field to solve the resource allocation prob-
lem. They proposed two kinds of resource allocation
problem: resource allocation problem and investmen-
t analysis problem, the former one was modeled to a
one-dimensional parameter problem. In [9], the in-
verse DEA problem is transformed into and solved as a
multi-objective programming problem. In [10], a com-
mon algorithm is provided to solve the inverse DEA
problem. In [11], a comprehensive resource allocation
framework is built. In [12], resource allocation model
based on DEA and game theory are combined togeth-
er to design the water resource allocation mechanism.
In [7], a post-DEA analysis with introducing elasticity
is proposed. In [13], an improved inverse DEA model
allowing the efficiency score being changed is put up
with. Besides, post-DEA models is assumed not on-
ly to consider models in DEA field, but also to include
models of optimization[11], stochastic regression[6] and
game theory[12], etc.

The rest of this paper is organized as follows. Section
2 poses the framework of how to adopt certain model-
s in different stage of decision making, following with
a brief explanation of post-DEA models used in this
paper. Section 3 provides complementary discussion
of post-DEA applications from macro and micro level
respectively, then employs the post-DEA framework in-
to a numerical example with 10 hospitals. Conclusion
is displayed in section 4, which indicates the advan-
tages and disadvantages of post-DEA method, mean-
while depicts the application potential of the post-DEA
method.

2 Methodology

We firstly portrait the framework of post-DEA
methodology in figure 1. DEA models locates in the
first stage, which mainly focuses on efficiency evalua-
tion. The post-DEA stage is divided into two parts as

macro-level models and micro-level models. The cen-
tralized resource allocation part mostly cope with de-
cision problems of central managers who control all the
resources and budgets, and intend to distribute them
under efficient criterion to all the DMUs. The solution
of such problem incorporates various tools such as mul-
tiple objective programming, game theory, parametric
programming, returns to scale analysis and common
weights for full ranking models. Forecasting part main-
ly copes with decision problems of particular DMU who
is making decisions from its own aspect and intend-
s to maximize its potential increments. The solution
of such problems incorporate models such as inverse
DEA models, common weights, and elasticity analysis.
Dynamic management and long-term prediction is the
further stage intends to deal with resource allocation
and forecasting problems under changing environmen-
t. As it maintains too much complexity and technical
details beyond our consideration in this paper, but it
must be the future interest of DEA method.

 DEA stage:  Efficiency Evalua"on 

Post-DEA stage:  

Centralized Resource Alloca!on 

Cost Alloca"on 

 

Bonus Alloca"on 

Elas"city & RTS Common Weight 

…… 

Forecas!ng  

Alloca"on Model Predic"on Model 

Elas"city & RTS Common Weight 

Dynamic Management & Long-term predic!on 

Figure 1: Framework of Post-DEA models.

2.1 Common weights of DEA model

Using DEA method to solve the common weights, the
idea is firstly proposed by cook et al[14]. This paper
employs the following common weights model. We get
rid of the constraints θ̄i ≤ 1 constraints in the original
common weights shown in paper [15], since we modi-
fy the assumption that the production frontier is un-
changed. In this paper, we choose p = 2 in formula
(3).

(θCW ) min
n∑

i=1

|θ∗
i − θ̄i|p

s.t.

s∑
j=1

ujyij

m∑
j=1

vjxij

= θ̄i, i = 1, 2, . . . , n

ui > 0, i = 1, 2, . . . , s (3)

vi > 0, i = 1, 2, . . . , m
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The common weights dependent on the efficiency s-
core computed by DEA model, which reaches the opti-
mal relative efficiency of the DMU. Thus the common
weights make all the DMUs arrive their optimal effi-
ciency in a compromise way[10].

2.2 Extra resource allocation algorithm
based on DEA

The extra resource allocation problem is described as
follows[8]. Suppose there are some extra resource which
can be given to all or only a part of DMUs, and if we
want the allocation to be most beneficial to the whole
system, how the extra resource should be distributed.
This extra resource allocation problem can be generally
found in practice as bonus allocation. For single input
system or single output system, the extra resource is
allocated according to criteria index of θ ∗ x or y. For
multi-input multi-output system, the optimal solution
of extra resource problem is hard to obtain, in this
case, we can employ common weights to get a weighted
output value or a weighted input value, and thus get a
most compromise solution[10].

2.3 Inverse DEA model

Another resource allocation problem is solved by a kind
of inverse DEA method. In inverse DEA framework,
RAM (Resource Allocation Model) and IPM (Invest-
ment Prediction Model) are mainly investigated.

An investment analysis problem in [10] is abstract-
ed as follows: a set of DMUs have efficiency indices
θ1, · · · , θn. Assign an increment, ∆xl ≥ 0, to the input
of Sl which has efficiency score θl. Find the ”largest”
additional resources, ∆yl, to the output of Sl such that
the resulted status of Sl remains its efficiency score un-
changed. The IPM is to find the ”largest” solution ∆yl

such that the optimal value θn+1 = θl, where θl is giv-
en by (1). Cui et.al. proposed an algorithm for solving
the above model which is equivalent to the following
multi-objective programming(MOP).

(IPM) max (∆y1o, · · · , ∆yso)

s.t. Xλ ≤ θl(xo + ∆x)

Y λ ≥ yo + ∆y

λ ≥ 0

The other inverse DEA model is resource allocation
model which is also displayed as a multi-objective pro-
gramming.

(RAM) min (∆x1o, · · · , ∆xmo)

s.t. Xλ ≤ θl(xo + ∆x)

Y λ ≥ yo + ∆y

λ ≥ 0

2.4 Elasticity

Elasticity is an economic concept which represents the
relative change in outputs compared to the relative
change in inputs. Wang et al[7] firstly define scale
elasticity based on DEA literature. Elasticity analy-
sis frequently occurs in DEA literature, but barely in
inverse DEA literature[13]. Intuitively, the terminolo-
gy ’elasticity’ reflects the possibility and potential of
scale efficiency’s change, which occurs in the DEA lit-
erature as marginal production analysis. Such concept
also effects in inverse DEA model. When it is extend-
ed to high dimensional case, the accurate elasticity is
very complicated to get. In [16], elasticity is solved by
means of MPSS (most productive scale size).

(Scale) max β/α

s.t. βyo ≤
n∑

j=1

yjλj

αxo ≥
n∑

j=1

xjλj (4)

n∑

j=1

λj = 1

α, β ≥ 0

Suppose (α∗, β∗) is the optimal solution to model
(4), then we can generalize the elasticity concept to the
case of multiple-inputs and multiple-outputs by noting
that:

(Elasticity)
1 − β∗

1 − α∗ =
yro − ŷro

yro
/
xio − x̂io

xio

=
xio

yro

∆yro

∆xio

(5)

For each of these mix pairs we then have a measure of
scale change associated with movements to the region
of MPSS.

3 Experiment and Results

3.1 Economics Efficiency evaluation

We have stressed the urgent demand for efficiency anal-
ysis in health care, when it refers to DEA method,
examples of DMU can be entire health systems, pur-
chasing organizations, hospitals, physician practices, or
individual physicians[3]. Efficiency analysis is centrally
concerned with measuring the competence with which
inputs are converted into valued outputs. Production
frontier is built in DEA model by using the empirical
data, which envelopes all the DMUs within possibility
production set.

When execute DEA models for efficiency assessment
in health care, a lot of details need to be considered.
From the data level, first of all is the data collection:
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DEA models require positive data without data ab-
sence. Then is the choice of input and output index.
There is no general with which to discriminate in many
of these choices and the appropriate strategy may de-
pend on the decisions to be made and the nature of
data available. Naive efficiency analysis involves exam-
ining the ratio of health system outputs to inputs. Yet
system inputs should also include previous investments
and exogenous inputs. And system outputs should not
directly related to health, such as enhanced productiv-
ity.

From the model level, we must be circumspect when
making the following opinions: whether to assume con-
stant or variable returns to scale; whether to assume an
input or output orientation; whether to apply weight-
s restrictions; how to adjust for environment factors;
how to cope with unexpected evaluation outcome (e.g.
too many θ = 1 DMUs come out leads to lack of dis-
crimination for efficiency.) etc.

3.2 Bonus allocation and prediction model

As we have mentioned, post-DEA method mainly cope
with problems posed after efficiency evaluation. Re-
source allocation problem lies in our focus as it is s-
ince the strong relationship between budget use and
efficiency of health care DMUs. Suppose that the cen-
tral decision maker manages several sectors, and will
distribute some expenditure as bonus to all or part
of sectors, how to allocate the bonus? Such budget
allocation can be well solved by using extra resource
allocation algorithm.

Moreover, for decision maker of health care system,
two problems are mainly concerned before allocating
bonus:

1) Given the efficiency result of a given sector, if
certain budget is allocated to it, what is the greatest
possible increment of outputs?

2) Given the efficiency result of a given sector, if
manager expects a particular amount of output incre-
ment, how much budget is need at least?

Inverse DEA methods is employed to answer the
above two questions. When we execute inverse DEA
model, some unexpected outcomes should be retreated,
among which the most important one is that the built
(MOP) has no optimal solution except that we apply
common weights aggregation in the objective function
of (MOP). Such inappropriate situation can be elimi-
nated by model specification. It is suggested the num-
ber of DMUs denoted by n is at least three times the
number of factors (m + s) in any DEA application[17].
In [16], it only asks for n ≥ 2(m + s).

3.3 Post-DEA process

In this paper, post-DEA method includes all the mod-
els referred to the second stage after efficiency evalua-
tion. In practice, the most popular problem after effi-
ciency assessment is resource allocation, where inverse

DEA plays a major part. But post-DEA is not equal to
inverse DEA, it also includes elasticity analysis, bonus
allocation algorithms, common weights evaluation, and
other models occurs in or not in DEA literature which
deal with the second stage problems after DEA evalu-
ation.

3.4 Numerical Example

10 hospitals selected from 171 hospitals in England are
considered in this paper as shown in table 1. The orig-
inal data is collected from [3]. Hospital ’Mean’ is the
mean value of 171 hospitals, which is used here as a
DMU. Input index is selected as ’TOTCOST’, which
is the total cost or total revenue expenditure; Output-
s index including: ’INPATIENTS’ as total inpatient
episodes weighted by HRG case mix index; ’OUTPA-
TIENTS’ as first outpatient attendances; ’A&E’ as to-
tal A&E attendances.

Table 1: Data for ten hospitals.
DMU TC IP OP AE

A 113.524 0.09 0.147 0.018
B 44.258 0.033 0.042 0.073
C 66.503 0.042 0.052 0.054
D 108.679 0.092 0.105 0.057
E 110.669 0.073 0.072 0.087
F 82.237 0.049 0.081 0.061
G 37.077 0.029 0.036 0.038
H 108.908 0.087 0.102 0.079
I 67.643 0.037 0.043 0.074
J 85.284 0.05 0.053 0.076

Mean 61.553 0.043 0.053 0.058

DEA evaluation results

The following table 2 displays the efficiency scores
according to different DEA models. In table 2, input
oriented CCR model (CCR-I) obtains the same effi-
ciency with the output oriented CCR model (CCR-O).
But when it comes to BCC models, the efficiency score
and the returns to scale results make difference from
input oriented to output oriented model.

Table 2: Efficiency score of different DEA models.
DMU CCR-I CCR-O BCC-I RTS BCC-O RTS

A 1 1 1 C 1 C
B 1 1 1 C 1 C
C 0.794 0.794 0.798 I 0.798 D

D 1 1 1 C 1 C
E 0.817 0.817 1 D 1 D
F 0.869 0.869 0.920 D 0.949 D
G 0.986 0.986 1 I 1 I

H 0.968 0.968 1 D 1 D
I 0.722 0.722 0.741 D 0.950 D
J 0.746 0.746 0.783 D 0.931 D

Mean 0.881 0.881 0.884 I 0.882 I

Common weights evaluation results

The corresponding common weights for this example
is θcw = (0.0072, 5.8063, 1.9681, 0.6689). The following
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table 3 provides the comparison result of efficiency s-
cores calculated by BCC-O model and by using θcw.

Table 3: Efficiency scores of BCC-O and θcw.
DMU BCC-O θcw

A 1 1.008
B 1 1.014
C 0.798 0.798
D 1 0.995
E 1 0.783
F 0.949 0.819
G 1 0.991
H 1 0.968
I 0.950 0.717
J 0.931 0.725

Mean 0.882 0.886

Common weights analysis provides a benchmark for
sorting DMUs whose efficiency score is equal to 1, such
as hospitals {A,B, D, E, G, H}. We can not discrimi-
nate the best performance DMU from the efficient D-
MUs’ set by means of traditional DEA models. But
according to table 3, we can get the comparison result
as B > A > D > G > H > F > C > E > J > I,
which provides more information for evaluation.

Extra resource allocation

The following table 4 provides the bonus allocation
weights. The exact allocation weights by using X ∗ θ
gets very close to the allocation weights by using Y. ∗
θcw, the latter one is a compromise solution compared
with the former one.

Table 4: Bonus allocation weights using θCCR.
DMU X ∗ θ Y. ∗ θcw

A 0.154 0.157
B 0.060 0.062
C 0.072 0.073
D 0.148 0.149
E 0.123 0.119
F 0.097 0.093
G 0.050 0.051
H 0.143 0.145
I 0.066 0.067
J 0.086 0.085

Inverse DEA prediction

Suppose that the bonus total is 100, and according
to allocation weights, certain bonus is allocated to each
of 10 hospitals. Assume that the efficiency score is un-
changed, and we employ (IPM) model to predict the
maximal output increments for each hospital. The out-
come is illustrated in table 5. The efficiency score of
each improved DMU is also showed in the last column
in table 5, which maintains the efficiency result in table
2.

Elasticity analysis

Table 5: Data for ten hospitals after bonus allocation.
DMU TC IP OP AE θCCR

A 128.957 0.100 0.147 0.107 1
B 50.275 0.037 0.048 0.0829 1
C 73.69 0.044 0.056 0.097 0.794
D 123.453 0.092 0.117 0.204 1
E 122.962 0.0749 0.095 0.166 0.817
F 91.951 0.060 0.081 0.109 0.869
G 42.047 0.031 0.039 0.068 0.986
H 123.242 0.089 0.113 0.197 0.968
I 74.282 0.040 0.051 0.088 0.722
J 93.928 0.052 0.066 0.116 0.746

Moreover, if we take into account of returns to s-
cale aspect, which assumes the efficiency score could be
changed, then we can get a new result that more ap-
propriate to reality[13]. Take hospital G for instance,
its RTS is increasing, means that its elasticity value is
greater than 1. Assumed that hospital G’s scale effi-
ciency get up to 1 when its input increment is up to
5. The expected maximal output value come out to be
(0.0314, 0.0399, 0.0694) which is more promising com-
pared with the result (0.031, 0.039, 0.068) in table 5.

On the other side, if we expect certain output in-
crement of a given hospital, for example for DMU H
the output increment as ∆yH = (0.01, 0, 0), then the
minimal ∆xH is 11.4069. But concerning the DMU H
is of decreasing returns to scale, suppose its efficien-
cy changes to 0.95, then the minimal ∆xH rises up to
13.4486.

4 Conclusion

This paper outlines the main issues involved in spec-
ifying DEA and post-DEA method to manage health
care budget and to predict potential improvements of
health care sectors. Data Envelopment Analysis(DEA)
has been a commonly used tool for measuring the ef-
ficiency of health care sectors, based on which, post-
DEA models are proposed for solving problems in bud-
get management and related decision makings. The
post stage faces a number of decisions models regarding
common weights model for full ranking, bonus alloca-
tion, inverse DEA for prediction, and elasticity analysis
for quantifying potential scale efficiency, etc. The ad-
vantages of the post-DEA framework are its freedom
from parametric assumptions, and its flexibility to be
combined with other framework such as game theory,
statistic, and mathematical programming. The draw-
back of post-DEA is same with the drawback of DEA
method, that they fail to offer an exact production rep-
resentation and guidance on the quality of the results.
However, DEA and post-DEA method, compared with
other tools, can greatly meet the demands of efficiency
assessment and budget management in health care sys-
tems, which has great potential in future applications.

2015 ISORA 978-1-78561-086-8 ©2015 IET 177 Luoyang, China, August 21–24, 2015



Acknowledgments

This research is supported by Key Laboratory of Man-
agement, Decision and Information Systems, CAS.

References
[1] World Health Organization. World Health Report

2000. Geneva: WHO, 2000.
[2] Anand, S., Ammar, W., Evans, T. et al. Report of

the scientific peer review group on health system-
s performance assessment. Geneva: World Health
Organization, 2002.

[3] Rowena J., Peter C.S., and Andrew S. Measuing
efficiency in health care: analytic techniques and
health policy. Cambridge University Press, Cam-
bridge, 2006.

[4] Charnes, A.,Cooper, W.W., and Rhodes, E..
Mearuring the efficiency of decision making units.
European Journal of Operational Research, 2, (6),
pp. 429-444, 1978.

[5] Hollingsworth, B. Non-parametric and parametric
applications measuring efficiency in health care.
Health Care Management Science, 6: 203-218,
2003.

[6] Angeliki F., Nick K. Employing post-DEA cross-
evaluation and cluster analysis in a sample of Greek
NHS Hospitals. J Med Syst, 35: 1001-1014, 2011.

[7] Wang Q., Cui J.C. Post-DEA analysis. 2012 In-
ternational Conference on Systems and Informatics
(ICSAI2012): 1328-1332, 2012.

[8] Zhang X.S., Cui J.C. A project evaluation system
in the state economic information system of China-
an operations research practice in public sectors. In-
ternational Transactions on Operations Research,
6: 441-452, 1999.

[9] Wei Q.L., Zhang J.Z., Zhang X.S. An inverse DEA
model for inputs/outputs estimate. European Jour-
nal of Operational Research, 121: 151-163, 2000.

[10] Zhang X.S., Cui J.C., Li X.Y. Remodelling of the
inverse DEA model: a prediction tool for not-for
profit organizations. Lecture Notes in Operational
Research, ORSC and APORC, 7: 367-375, 2007.

[11] Li X.Y., Cui J.C. A comprehensive DEA approach
for the resource allocation problem based on scale
economies classification. Journal of Systems Science
and Complexity, 21(4): 540-557, 2008.

[12] Li X.Y., Cui J.C. Real-time water resources allo-
cation: methodology and mechanism. IEEM 2009,
1637-1641, 2009.

[13] Li X.Y., Cui J.C. Inverse DEA model with con-
sidering returns to scale and elasticity. Proceeding
of The 11th International Symposium on Opera-
tions Research and its Applications (ISORA 2013),
99-103, 2013.

[14] Cook W.D., Kress M. A data envelopment mod-
el fore aggregating reference ranking. Management
Science, 36(11):1302–1310, 1990.

[15] C.Kao and H-T Hung. Data envelopment analy-
sis with common weights: the compromise solution

approach. Journal of the Operational Research So-
ciety, 56, 1196-1203, 2005.

[16] Cooper, W. W., Seiford, L. M., and Kaoru T. Data
envelopment analysis: a comprehensive text with
models, applications, references, and DEA-Solver
software. Kluwer Academic Publishers, 2000.

[17] Banker, R. D., Charnes A., Cooper, W., Swarts J.,
Thomas D. An introduction to data envelopmen-
t analysis with some models and their uses. Re-
search in Governmental and Non-Porfit Account-
ing, 5: 125-163, 1989.

2015 ISORA 978-1-78561-086-8 ©2015 IET 178 Luoyang, China, August 21–24, 2015


