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Abstract—Hydrophobic-hydrophilic (HP) model serves as a 

surrogate for the protein structure prediction problem to fold a 

chain of amino acids into a 2D square lattice. By the fact that the 

number of amino acids is equal to the number of lattice points or 

not, there are two types of folding conformations, i.e., the 

compact and non-compact conformations. Non-compact 

conformation tries to fold the amino acids sequence into a 

relatively larger square lattice, which is more biologically 

realistic and significant than the compact conformation. Here, we 

propose a heuristic algorithm to predict the non-compact 

conformations in 2D HP model. First, the protein structure 

prediction problem is abstracted to match amino acids to lattice 

points. The problem is then formulated as an integer 

programming model and we transform the biological problem 

into an optimization problem. Classical particle swarm 

optimization algorithm is extended by the single point 

adjustment strategy to solve this problem. Compared with 

existing self-organizing map algorithm, our method is more 

effective in several benchmark examples. 

Keywords—Protein structure prediction; Non-compact 

conformation; HP lattice model; Particle swarm optimization. 

I.  INTRODUCTION  

Protein’s biological function heavily depends on its spatial 

structure, so protein structure prediction is important to 

understand the relationship between structure and function, to 

design drugs with specific therapeutic properties, and to grow 

biological polymers with the specific material properties. 

Therefore, protein structure folding, i.e., determining the 3D 

structure from the 1D amino acid sequence by minimizing the 

energy function, remains one of the most challenging  

problems in computational biology and global optimization [1]. 

HP model was proposed by Dill and his colleagues in 1995 

[2]. This model is perhaps the most simplified but widely used 

one. It is abstracted from three facets: Firstly, the skeleton 

structure is only studied in geometry; Secondly, twenty amino 

acids are classified into two groups as hydrophobic (H) or 

hydrophilic (P); At last, the major contribution of interaction 

between two amino acids is due to the interaction between 

hydrophobic amino acids, which are not adjacent in the 

sequence but are adjacent in the spatial location. This pair of 

interaction is denoted as HH and its energy is usually treated as 

-1. HH interaction tends to form a core in the spatial structure, 

and hydrophilic amino acids shield the core from surrounding 

solvents. The energy of natural conformation is assumed to be 

minimal, so protein structure prediction problem will be 

translated to maximize the number of HH interactions from the 

non-covalently interacting lattice neighbors. HP model 

represents the hard core of protein folding problem and is 

widely used in practice. For example, chemists evaluate new 

hypothesis of protein structure prediction by HP model. Also 

the simplicity of model allows a rigorous analysis of efficiency 

for a folding algorithm. In fact, this model has become a 

standard in testing efficiency of folding algorithm [3].  

However, HP model is hard to solve in computation. 

Crescenzi has proved that decision problem for 2D HP model 

is NP-complete, therefor its optimization problem is an NP-

hard problem [4]. How to find an effective heuristic method 

will be a primary research objective for 2D HP lattice model. 

In the past ten years, many computational strategies have been 

proposed to find the minimal free energy conformation in 2D 

HP model, including genetic algorithm [5], self-organizing 

mapping method [6], elastic net algorithm [7], Monte Carlo 

algorithm [8], and EE sampling approach [9], etc. The 

effectiveness of these methods has been tested with benchmark 

sequences for 2D HP lattice model. But currently, none of 

these algorithms seems to dominate the others. 

Particle swarm optimization (PSO) was presented by 
Kennedy and Eberhart in 1995, inspired by the social behaviors 
of bird flocking [10]. PSO can be used to solve nonlinear 
problem, non-differentiable problem, and multimodal problem 
[11]. PSO only requires that the problem is computable and the 
parameters need to be adjusted are very few. In addition, its 
principle is simple, and this method can be easily implemented 
and applied in practice. Currently, PSO has been used to 
successfully solve travelling salesman problem (TSP) [12]. HP 
lattice model is similar to TSP and both can be formulated as 
matching problems. So it is feasible that protein structure 
folding problem will be attacked by PSO. In this paper, we will 
define adjustment operators and adjustment sequences to 
extend PSO for predicting conformations of amino acid 
sequences. 
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II. COMBINATORIAL OPTIMIZATION FOR HP MODEL 

Suppose that the number of amino acids in a protein 

sequence is n  and the number of lattice points is m . If 

m n , the conformation of the sequence in the lattice is 

defined as compact. If m n , the conformation is defined as 

non-compact. Searching the optimal compact conformation in 

2D lattice was studied by PSO in [13]. In this paper, we will 

consider to find the optimal non-compact conformation in 2D 

lattice. We will formally formulate the problem as follows. If 

the i -th amino acid occupies the vertex j  of the lattice, 

denote 1ijx  , else 0ijx  . Let (j)N be the set of all 

adjacent vertexes of the j -th vertex, where  (j) 0,1, 2,3N   

is the number of elements in (j)N . f is  the mapping from 

hydrophobic and hydrophilic to a binary value. If the i -th 

amino acid is H, then (i) 1f  , else (i) 0f  . Yi
is the 

coordinate of the i -th amino acid in lattice. Then the number 

of HH pairs is calculated by following equation 
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Then we present minimum free energy model of 2D HP 
protein folding problem with constraints as follows: 
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In this way, we translate the protein structure prediction pro

blem to a combinational optimization problem. This problem is

 known as NP-hard. As the next step, we will design efficient h

euristic algorithm to solve it. 

III. IMPROVED PARTICLE SWARM OPTIMIZATION 

A. Definitions 

In order to efficiently solve the optimal problem (2) by 
particle swarm optimization, we will make some preparations 
as follows. 

 Definition 1. The state vector of the i -th particle is 

denoted as  1 2
, , ,

i i i in
X x x x , where ijx  is the 

label of lattice point which is visited by the j -th amino 

acid. 

 Definition 2. The operator T( , )k l shows that the k -th 

element is placed after the ( 1)l  -th element, then the 

l -th element and other elements after it will be ranked 

in the original sequence for particle X
i
. This operator is 

defined as adjustment operator. The new particle is 

denoted as
'

i
X .  For example, particle X (1, 2,3, 4,5) , 

so 
'

X X T(5, 2)  (1,5, 2,3, 4) , where  “+” indicates 

that the particle X  is adjusted by the adjustment 

operator T(5, 2) . 

 Definition 3. If the particle is adjusted by a number of 
adjustment operators, then these ordered operators are 
defined as adjustment sequence V , in which arbitrary 

operator is not satisfied with commutative law. 

 Definition 4. The basic adjustment sequence includes 
the least adjustment operators which can reach the 
adjustment purpose. 

B. Improved Particle Swarm Optimization 

Step 1. Initialize the particle swarm 
0

X
i

 and the adjustment 

sequence
0

V
i

called as the initial velocity, i  1,2, ,l where l  

is the number of particles. 

Step 2. Based on (1), compute the fitness value of every 

particle according to the local optimal value P
ibest

and global 

optimal value P
gbest

. If the value is better, update 

P
ibest

and P
gbest

, otherwise the values of P
ibest

 and P
gbest

 are not 

changed.  

Step 3. Update the values of all particles by
k 1

X X V
i i i

k k
  . 

If the updated particle is not satisfied with the folding constants 

of amino acid sequence on square lattice, it needs to be 

adjusted . Otherwise compute
1 1

U X X
i i i

k k k 
  . 

Step 4.  Update the velocity of particle 

1 2

1 1 1 1
V U P X P Xr ( ) r ( )

i i i igbest ibest

k k k k   
            (3) 

 in which 
1
r and 

2
r (0,1)  are random numbers, 

1
P X( )

gbest

k

i


 and 

1
P X( )

ibest

k

i


  are the basic adjustment 

sequences. 

IV. RESULTS 

To assess its performance, we applied the improved PSO to 
four instances for 2D HP model on square lattice. These 
instances come from standard benchmark dataset. In the 
following figures, polar will be depicted as “◆”, hydrophobic as 
“●”, and the black lines show the covalent bond between the 
adjacent amino acids. 
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A. Sequence 1 HPPHHPPHHPPHHPPHH 

This sequence contains seventeen amino acids and is 

embedded into a 5×5 lattice of 
2

R . The lattice points in the 

first row are tabbed as 1-5 from left side. The points of other 

rows are done sequentially. The 13th point is treated as the 

origin of the lattice. We can find the optimal conformation with 

8 HH pairs by our method. One of the optimal conformations is 

demonstrated in Fig. 1. The conformation in Fig.1 is non-

compact. The result of this sequence indicates the advantage of 

non-compact conformation, i.e., the optimal conformations of 

amino acid sequence,  whose length is not the product of two 

integers, can be found by our modified PSO algorithm. This 

instance was also computed by self-organizing map method 

with 8 HH pairs in [6]. It indicates that our method is suitable 

for this small benchmark sequence. 

 

Fig. 1  One of optimal conformations for Sequence 1 in 5×5 lattice 

B. Sequence 2.  HPHPPHHPHPPHPHHPPHPHs 

This benchmark example has twenty amino acids and is 

embedded into a 5×5 lattice of 
2

R . The lattice points in the 

first row are signed as label 1-5 from left side. The points of 
other rows are ordered sequentially. The 13-th point is treated 
as the origin. We can find the optimal conformations with 9 
HH pairs. One of the optimal conformations is demonstrated in 

Fig. 2. When this instance is embedded into a 4×5 lattice of 
2

R , we can find the optimal conformations with 6 HH pairs. 
One of the optimal conformations is demonstrated in Fig. 3. 

                           

Fig.2 One optimal conformation for Sequence 2 in 5×5 lattice 

 

Fig.3 One optimal conformation for Sequence 2 in 4×5 lattice 

The conformation in Fig. 2 is non-compact, while the 
conformation in Fig. 3 is compact. It indicates that our optimal 

model and improved PSO algorithm can be used to find 
conformations not only in compact lattice but also in non-
compact lattice. For sequence 2. we know that the minimal 
free energy of non-compact lattice is lower than that of 
compact lattice. This kind of phenomenon is consistent with 
the biological insights. Only compact conformation was found 
by self-originizing map method with 6 HH pairs. It indicates 
that our method and model can not only find compact 

conformations but also fold sequence in non-compact lattice. 

C. Sequence 3. HHHHHPHHHHHHPHHHHPHH  

This benchmark sequence has twenty amino acids and is 

embedded into a 5×5 lattice of 
2

R . The lattice points in the 

first row are labeled as 1-5 from left side. The points of other 
rows are labeled sequentially. The 13-th point is treated as the 
origin. The minimal free energy of this sequence is -12. One of 
the optimal conformation is demonstrated in Fig.4. When it is 

embedded into a 4× 5 lattice of
2

R , one of the optimal 

conformations is demonstrated in Fig.5 with 12 HH pairs. 

                   

Fig.4 One optimal conformation for Sequence 3 in 5×5 lattice 

 

Fig.5 One optimal conformation for Sequence 3 in 4×5 lattice 

The computational results show that our method can be 
used to find the optimal conformation of sequences with length 
as product of two integers. The minimal free energies of 
compact conformation and that of non-compact conformation 
are the same, but their shapes are different. This demonstrates 
that compact conformation can be treated as a special case of 
non-compact conformation. It means that our model and 
method can be applied to fold this kind of amino acid 
sequences. 

D. Sequence 4. PPHPPHHPPPPHHPPPPHHPPPPHH  

This benchmark sequence has twenty five amino acids and 

is embedded into a 5×6 lattice of 
2

R . The lattice points in the 

first row are signed as 1-6 from left side. The points of other 
rows are labeled sequentially. The 15-th point can be treated as 
the origin. The minimal free energy of this sequence is -8. Two 
optimal conformations are demonstrated in Fig. 6 and Fig. 7. 

When it is embedded into a 5×5 lattice of
2

R , one of the 
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optimal conformations is demonstrated in Fig. 8 with 8 HH 
pairs. 

          

Fig.6 Sequence 4 in 5×6 lattice               Fig.7 Sequence 4 in 5×6 lattice 

 

 

Fig.8  Sequence 4 in 5×5 lattice 

The above results indicate that our method can find 
different structures of sequence with the same minimal free 
energy. According to Fig. 6 and Fig. 7, we know that the 
folding conformations can be solved in a bigger lattice and 
non-compact structure is more flexible and more realistic. 
Compared with non-compact conformation, predicted compact 
structure in Fig. 8 requires less computational time but is not 
very close to the biological nature. 

V. CONCLUSION AND DISCUSSION 

Because of the difficulty in solving the protein folding 
problem, there are two ways out: a simplified model and a fast 
configuration search method. 2D HP lattice model was broadly 
studied by chemists. So we study the protein structure 
prediction in 2D equicistant lattice in this paper. We propose a 
mathematical model, which has the following advantages.  
Firstly, it is highly simplified; Secondly it leads itself to exact 
results; Thirdly, it is easy to perform simulation. In this paper, 
the amino acid sequence is embedded in equidistant lattice to 
find low-energy non-compact conformations. To our best 
knowledge, particle swarm optimization algorithm has been 
directly used to solve TSP. Because of the connection between 
TSP and protein structure prediction problem, we have extend 
PSO algorithm for 2D HP model. The results indicate that the 
improved PSO can find new conformations with minimal free 
energy. It is faster than other stochastic sampling methods. It 
can be applied to find compact and non-compact conformations 
thus can fold the sequence with arbitrary length. An empirical 
study demonstrates the effectiveness of improved PSO and 
optimal model for solving 2D HP model. 

There are many future directions to pursuit. Since the free 
energy in the model is given only by the number of nonspecific 

hydrophobic contact, the positions of polar segments are not 
directly optimized when searching for optimal structures. This 
may result in unnatural structures if these segments are too 
long to be located at the ends of the sequences. A modification 
is required to try to obtain more nature-like structures for the 
HP model’s scoring system. In addition, we intend to develop 
and study modified PSO algorithm for other types of protein 
folding problems such as 3D HP lattice model, 2D triangular 
lattice model, etc. Overall, we strongly believe that the 
modified PSO method offer considerable potential for protein 
structure prediction problem. 
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